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Abstract: Distributed time-varying formation technology for multi-agent systems is recently become
a research hotspot in formation control field. However, the formation reconfiguration control technol-
ogy for agents that randomly appeared to fail during maneuvers is rarely studied. In this paper, the
topological relations between intelligence are designed by graph theory to simplify the cooperative
interaction between multi-agent systems. Moreover, this paper constructs the time-varying configura-
tion of the target formation based on the rigidity graph theory and leader–follower strategy. Drawing
on the establishment of the expert experience database in a collaborative process, we innovatively
propose the establishment of a graphic library to help the multi-agent system quickly form an affine
transformation as soon as it is disabled. Secondly, the improved Hungarian algorithm is adopted
to allocate the target point when the first failure occurs. This algorithm incorporates a gradient
weighting factor from the auction algorithm to improve the speed of system reconfiguration with
minimum path cost. On this basis, a distributed multi-agent control law based on consistency theory
is established, and the system’s stability can be guaranteed via Lyapunov functions. Finally, the simu-
lation results demonstrate the feasibility and effectiveness of the proposed formation reconfiguration
control algorithm in a collaborative environment.

Keywords: multi-agent systems; time-varying formation; switching topology; Hungarian algorithm;
graph theory; stress matrices; leader-follower consensus

1. Introduction

The multi-agent system has replaced human beings to perform specific complex tasks
and has achieved remarkable results in intelligent scenarios. Multi-agent cooperation
will have a higher value in the future and have excellent developmental prospects [1,2].
Facing complex environments, the multi-agent system needs to deal with agent disability,
communication disconnection, and other emergencies to ensure the overall survivability
of the system [3]. Therefore, achieving the formation, reconstruction, and transformation
of multi-agent formations under time-varying topology is one of the difficulties in the
collaborative control of multi-agent systems [4].

Nowadays, there is a large amount of theoretical and practical research on the for-
mation and reconstruction technology of multi-agent clusters [5,6]. In Ref. [7], the leader-
follower method is adopted to realize multi-robot formation control, and the follower layer
is controlled according to the information of the leader layer. This method depends on the
state of the leader and has poor robustness [8]. Ref. [9] combines the artificial potential
field with the virtual structure. The potential field repulsion function is used to realize
collision avoidance and the virtual structure can be tracked to form the AUV formation.
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The artificial potential field method easily falls into the local minimum point, and it is
difficult to reach the global optimal. In Ref. [10], the concept of escape angle is introduced
to determine the heading angle of the robot, and the behavior-based method is adopted to
implement obstacle-avoiding formation control. The behavior of this method in dynamic
and complex environments is unpredictable and needs better flexibility. The above docu-
ments use different control strategies to solve the formation control of multi-agent systems
but do not consider the possible reconstruction problems in the formation process.

Numerous studies have been conducted to address issues such as the UAV formation
and reconfiguration. In Ref. [11], a sliding mode method is used to design a time-varying
formation output tracking controller to deal with uncertainties and external disturbances.
In Ref. [12], a new speed and lateral channel controller was designed to limit the deviation
during formation transformation, so as to improve the rapidity and stability of reconfigura-
tion. However, most of the papers focus on time-varying formations and reconfigurations
for uncertainties in dynamic models, practical constraints and external disturbances, and
the formation topology is generally fixed.

In complex environments such as blocked communications, the execution of tasks via
multi-agent systems is affected by many factors, and the failure of a single agent is a typical
situation. If a fixed topology is adopted, multi-agent systems cannot cooperate to complete
subsequent tasks when confronted with an unexpected situation. Switching communication
topology can effectively solve the multi-agent system configuration reconstruction. In
Ref. [13], the multi-agent network topology is switched according to the Markov random
transition and the mean square consistency problem of the Lure-type multi-agent system
with time delay and topology uncertainty is considered. The virtual leader is designed
to assign the trajectory of systems in Ref. [14]. Subgroups can interact with each other by
cooperation among group leaders such that the relative configuration between different
groups can be adjusted simultaneously. In Ref. [15], the leader’s control input is unknown,
and the followers are prone to being influenced. The algorithms apply the idea of simply
disregarding a certain number of extreme values to rule against the misbehaviors of affected
agents. However, the article mentioned above do not consider the energy consumption of
formation reconstruction of multi-agent systems after switching topology.

The complex task requirements of multi-agent systems involve switching between
different formation configurations. Energy waste may occur if the system switches from
Formation A to Formation B without position reassignment. For multi-agent systems
with a limited load capacity, saving energy in the process of collaboration is particularly
important. As a consequence, this paper applies the switching communication topology
to the process of formation reconfiguration and adds the improved Hungarian algorithm
for the distribution of reconfiguration target points. The method takes the total distance of
the system as the shortest to obtain the optimal performance and improve the efficiency
of cluster reconstruction and collaborative task execution. On this basis, a multi-agent
distributed formation control strategy based on the double integrator model is proposed,
and the convergence and stability of the system are discussed. Finally, the formation
reconstruction of the time-varying topology is realized through simulation, which verifies
the feasibility of the reconstruction strategy designed in this paper.

The contribution of this paper can be summarized as follows:

1. A graphic library is innovatively established, and four possible multi-agent formation
configurations are designed. After the failure of a single agent, topology images can be
searched and dispatched in the graphic library according to the number of remaining
agents, which can help the multi-agent system quickly establish a new configuration.

2. The improved Hungarian algorithm is adopted to plan the target points so that each
agent in the system can obtain specific target points in the formation using the ideal
of ranking and a gradient weighting factor in the auction algorithm to further save
time in formation reconfiguration.

3. In each topological cycle, a time-varying topological formation control law based on
consistency theory is established. The control law can quickly reduce the tracking error
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to form a nominal configuration, and the stability of the formation reconfiguration
system in a single time interval is proved by using the Lyapunov function.

The framework for the rest of this article is as follows. The second section first provides
the concept of graph theory and the definition of time-varying target formations. The third
section designs different numbers of time-varying formation topology configurations and
builds corresponding graphics libraries. For multi-agent systems, the improved Hungarian
algorithm is proposed to solve the problem of target position assignment after topology
switching. The multi-agent formation reconstruction control strategy and stability analysis
of the multi-agent systems are also provided. The fourth section obtains simulation im-
ages of multi-agent systems collaborative formation and reconstruction. The fifth section
summarizes this article.

2. Theoretical Basis of Time-Varying Target Formation

This section introduces the concept of graph theory and the connotation of affine trans-
formation and defines the nominal formation configuration, as well as our control target,
which lays the foundation for the subsequent design of time-varying target configuration.

In the formation control of multi-agent, the agents cannot communicate with each
other directly, and the communication between them needs to be established through the
network topology. Graph theory is a very useful tool for studying cooperation systems. As
a result, a formation is usually modeled by a graph, with vertices corresponding to agents
and edges corresponding to the specified distance between the agents [16]. A directed
simple graph has n vertices and m edges. G= (ν, ε)ν = {1, 2, . . . , n}, ε ⊆ ν× ν are denoted
as the vertex set and the edge set of the graph G, respectively, where |ε| = m. Consider the
set of neighbors of vertex i, represented by Ni = {j ∈ v : (i, j) ∈ ε}.

Thus, a formation is represented as (G, p), and the graph G with its vertex i map to
pi. To simplify the collaborative interaction and improve the efficiency of information
transmission, we adopt a leader-follower formation control strategy, and the desired
formation maneuver is sent only to the leaders. It is assumed that the first nl agents
in the formation are called leaders and other n f = n− nl agents are called followers. In
this article, l and f are the variables for leader and follower [17].

Affine transformation can be regarded as a kind of linear transformation [18]. Such
transformations can be expressed in the form of translation, rotation, scaling, shearing, or
their combination as shown in Figure 1. Numbers 1–3 in Figure 1 represent different agents.
Moreover, affine transformation has a characteristic that collinear (coplanar) points or
parallel lines remain collinear (coplanar) and parallel after an affine transformation. Thus,
the affine span can be translated to a linear space, whose dimension is the dimension of
the affine span. Assuming that the dimension of this affine span is d, then these points can
affinely span in Rd. In addition, for affine span figures, the configuration will be changed
when shearing or scaling in different directions.
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Given a set of points {pi}n
i=1 in Rd, the affine span of these points (called S) can be

expressed as

S= {
n

∑
i=1

ai pi : ai ∈ R ,
n

∑
i=1

ai = 1} (1)

Let the configuration matrix P ∈ Rn×d and an augmented matrix P ∈ Rn×(d+1) be

P(p) =

 pT
1
...

pT
n

, P(p) =

pT
1 1
...

...
pT

n 1

 = [P(p), 1n] (2)

where 1n , [1, · · · , 1]T ∈ Rn. By definition, if and only if the rows of P(p) are linearly
independent, {pi}n

i=1 are affinely independent. Because P(p) has d + 1 columns, there exist
at most d + 1 points that are affinely independent in Rd.

To achieve the formation control, a leader–follower multi-agent is needed to track
time-varying goal configurations, as described below.

Definition 1 (Target formation). The time-varying configuration of the target formation has the
form of

p∗(t) = [In ⊗ A(t)]r + 1n ⊗ b(t) (3)

where r = [rT
1 , · · · , rT

n ]
T
= [rT

l , rT
f ]

T ∈ Rdn is a constant configuration, and A(t) ∈ Rd×d,

b(t) ∈ Rd are continuous of t. The desired position of the agent i ∈ v in the target formation is

p∗(t) = A(t)r + b(t) (4)

In the above equation, r is the typical geometric configuration that needs to be main-
tained during the formation process and (G, r) is the nominal formation. In fact, the target
configuration is an affine transformation of the nominal configuration that varies with time.
There is a one-to-one correspondence between the positions of the different leaders and
the affine transformations (A, b). As a consequence, the affine transformation of the entire
formation can be achieved by controlling the position of the leader. The objective of this
paper is to control the multi-agent tracking the time-varying target formation and satisfy
p(t)→ p∗(t) during every split time.

In this article, there is no independent control law for leaders because we assume
that leaders can be well controlled by humans or some intelligent program. It is known
that the leader’s position corresponds to the expected value in the target configuration,
that is pl(t) = p∗l (t) for all t. Thus, our goal of control is to steer the followers to achieve
p f (t)→ p∗f (t) at different time intervals.

3. Design of Time-Varying Target Formation Control for Multi-Agent Systems Based
on the Improved Hungarian Algorithm
3.1. Construction of Time-Varying Topology Formation Graphics Library

In the face of communication loss and other situations in complex environments, if
the corresponding graphics are not generated in advance, it will take a lot of precious time
to construct and reconstruct the formation, thus will miss the best opportunity. Therefore,
if different numbers of target formations that may appear in advance are established, it
will save time to call the graphics library when failure occurs at the first time, and a new
reconstructed target topology can be efficiently and quickly established. In this section, we
first introduce the concept of global rigidity and stress matrix based on graph theory to
study the characteristics of formation configuration and describe these characteristics. The
corresponding leaders for formation and reconstruction are selected, and the conditions
required to construct a time-varying topological formation that meets the requirements
are given.
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Graph theory is a great mathematical tool for simplifying the characterization
of multi-agent systems. Moreover, the rigidity [20] will reveal the uniqueness of the
formation structure up to congruence. The generic configuration can be expressed by
q = [qT

1 , · · · , qT
n ]

T ∈ Rnd. A structure (G, q) means a corresponding graph G with its
configuration q. A framework (G, q) is rigid in Rd, if all the frameworks (G, p) equivalent
to (G, q) and sufficiently close to (G, q) are congruent to (G, q) in Rd. If all the structures
(G, p) equivalent to (G, q) are congruent to (G, q), it is known as globally rigid in Rd.
Moreover, if this congruent relationship holds in any higher-dimensional space RD ⊃ Rd, it
is universally rigid [21].

In addition, stress is also adopted to describe the robustness and stability of a frame-
work. Essentially, stress means the direction of force with symbols and describes the force
per unit length. w represent the stress of (G, q).

It is common to assign a scalar wij = wji for each edge (i, j) of a structure (G, q). Next,
w ∈ Rm refers to the concatenated vector w = (· · · , wij, · · · )T .

Furthermore, if satisfies

∑
j∈Ni

wij(qj − qi) = 0, ∀i ∈ {1, · · · , n} (5)

Then, it is defined that w is equilibrium stress of (G, q). Given w, there exists a stress
matrix Ω ∈ Rn×n, for which Ωij = −wij for i 6= j and Ωii = ∑

i 6=j
wij for i = 1, · · · , n.

In the sequence, Lemmas 1–4 are given. These lemmas lead to conditions on the rank
of the matrices that need to be satisfied for affine span as well as generic universal rigidity.
In addition, the selection of the leader in the formation and the maximum upper bound
on the number of edges are presented. These lemmas give constraints on the design of
formation configurations and the establishment of graph libraries.

We will introduce Lemma 1 to define the rank condition for affine span.

Lemma 1 (Rank condition for affine span). The set of points{pi}n
i=1 affinely spanRd if and

only if n ≥ d + 1 andrank(P(p)) = d + 1.

Lemma 2 [22] illustrates the definition of universal rigidity for a class of frameworks
with generic configurations.

Lemma 2 (Generic universal rigidity). Let (G, q) be a generic framework on n vertices in
Rd, d ≤ n− 2. Then (G, q) is universally rigid if and only if there exists a positive semi-definite
stress matrix Ω such that its rank is n− d− 1.

Lemma 3 (Leader selection for affine localizability). The nominal formation (G, r) is affinely
localizable if and only if {ri}i∈vl

affinely span Rd.

When there are exactly d + 1 leaders, given any leader position pl , there is always
a solution (A, b) to Equation (4). When there are more than d + 1 leaders, the positions
of leaders are interdependent. Otherwise, it is possible that there is no solution (A, b) to
Equation (4), because this equation is an overdetermined linear system. In this paper, we
select three agents as leaders in formation and name them Leader 1, 2 and 3.

According to the formation dimension and the number of agents, Lemma 4 [23] gives
the maximum number of edges of the time-varying formation topology. According to the
calculation method, the upper bound of the number of lines between formations can be
obtained.

Lemma 4 (The upper bound on the number of sides). The number of members of the con-
structed tensegrity framework is bounded from above by
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|ε| ≤ (d + 1)(n− d + 2
2

). (6)

From the above Lemmas 1–4, we can obtain the conditions for the construction of
time-varying topological formations. Table 1. gives the formation information of the image
and the above lemma is satisfied.

Table 1. Graphics library formation information.

Formation
Dimension

Number of
Leaders

Total Number
of Agents

Maximum
Number of

Sides

The Actual
Number of

Sides

2 3 7 15 12
2 3 6 12 11
2 3 5 9 8
2 3 4 6 6

On this basis, we have designed the following formation configuration, as shown in
Figure 2. Markers 1–7 in the figure correspond to agents with different numbers, and their
locations represent the position of different agents in the formation. Due to Lemma 3, the
choice of the leader is Agent 1–3.
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We added the above formations to the graphics library so that the topological structure
can be called immediately after random failure.

3.2. Improved Hungarian Algorithm Design

The problem of formation reconfiguration of multi-agent systems is considered when
agents are randomly disabled in collaborative environments. If an agent randomly selects
the target point, the path may be far away, and the overall energy consumption may be large.
The Hungarian algorithm is often used in task allocation, so we use this algorithm to solve
the problem of the allocation of target points after random failure. The algorithm usually
traverses each target point to obtain the optimal allocation, which will take more time for
urgent conditions. The auction algorithm combines the idea of auction algorithm ranking,
and proposes a gradient weighting factor to improve the speed of target point allocation.
Hence, this paper integrates the Hungarian algorithm with the auction algorithm and
proposes an improved Hungarian algorithm. The expected target position can be quickly
determined at the moment of failure, and the one-to-one correspondence between the agent
and the target point in the expected formation can be ensured, which will help the system
to increase the formation efficiency and improve the overall system reliability.

The agent matched one-to-one with the target location can be briefly described as
follows: there are N agents performing tasks on N target points and a single agent is
allowed to reach only one of the planar locations. Then the model of the formation target
assignment problem for a multi-agent system based on matrix maps can be described as
follows. The decision variables are defined by:

l(i, j) =
{

1 ith agent assigned to the jth point
0 ith agent doesn′t assigned to the jth point

(7)
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Constraint condition :



n
∑

i=1
lij = 1, j = 1, 2, . . . , n

n
∑

j=1
lij = 1, i = 1, 2, . . . , n

xij = 1 or 0

(8)

Target function : z = min
n

∑
i=1

n

∑
j=1

Cijlij (9)

The number 1 means that the allocation is complete, and the number 0 means that it
is not allocated. C = (Cij)n×n is the distance matrix. Cij is the distance value between the
j-th target point and the i-th agent. L = (lij)n×n is the solution matrix of the agent target
assignment. When its value is 1, it means that the location assignment between the i-th
agent and the j-th target point has been completed. When its value is 0, it means that the
j-th target point has not been assigned to the i-th agent. Equation (9) is used to represent the
minimum total distance from the agent formation to all target points, and the distribution
matrix is calculated on this basis.

For the assignment problem model, the conditions for the solution of the improved
Hungarian algorithm are: (1) The objective function is the smallest; (2) The number of agent
and target points is the same; (3) The efficiency is non-negative. The goal of the Hungarian
algorithm is to find N zero elements in different rows and columns in the transformed
distance matrix to optimize the assignment problem.

The distance between each point and the target position is calculated.

Cij =

√
(dx

i − dx
j )

2 + (dy
i − dy

j )
2

(10)

Among them, dx
i represents the X-axis coordinate of the i-th agent and dy

j represents the
y-axis coordinate of the j-th target points. After traversing the distance from all points to the
target point, the distance matrix is obtained. Each element of the original distance matrix is
normalized in the form of aij = [

cij−cmin
cmax−cmin

] to obtain its equivalent distance matrix A.
cmin = min

{
cij, i = 1, · · ·, n, j = 1, · · ·, n

}
;cmax = max

{
cij, i = 1, · · ·, n, j = 1, · · ·, n

}
;

At this point the maximum element E of the equivalent matrix A. At this time, the i-th
row/column elements are sorted incrementally to get [b1, · · ·bn], The combined weighted
sum of each step of the gradient is calculated as follows:

Si =
n
∑

j=2

bj−bj−1

Ej−1 =
n
∑

j=2

bj

Ej−1 −
n
∑

j=2

bj−1

Ej−1

=
n
∑

j=1

bj

Ej−1 −
n
∑

j=1

bj

Ej − b1
E0 +

bn
En

=
n
∑

j=1

(E−1)·bj

Ej + bn
En

(11)

The initial treatment of the distance matrix is determined using the auction algorithm,
where the sorted minimum is 0, i.e., b1 = 0.

Since this paper adopts the leader-follower formation control strategy, and the selection
of the leader has been given in the previous section, it is assumed that only the followers
are damaged during the maneuver.

The distance matrix Cij is taken as an example to illustrate the concrete implementation
steps of the improved Hungarian algorithm in the case of failure:

1. Before each calculation, use conditional statements to judge, and check the number of
agents in the system, and feedback the number of agents in the system;

2. Determine whether the agent is disabled in the current system; if failed, skip to step
(3); if not, skip to step (6);
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3. According to the number of smart bodies, find and call the corresponding number of
formation configurations in the graphics library; use the formations of the graphics
library to generate new adjacency matrix and stress matrix, and renumber the smart
bodies in order;

4. Set the distance matrix of the agent. The improved Hungarian algorithm traverses
the distance between the agent and each target point and calculates the cost matrix.
Find the minimum value of each row/column of the distance matrix, and subtract
the minimum value of all the elements in this row/column at the same time to get a
new distance matrix. The matrix is constantly reduced by rows and columns until
the 0 element appears in each row and column. We sort the elements of each row
and column, and calculate the weighting factors of each order. Then we adjust the
sorting results of the elements in each row and column, according to the sorting value
assigned above. The non-zero minimum value is subtracted from the unassigned
rows and the column element ordering result is adjusted. The same calculation needs
to be done for unassigned columns. The algorithm counts the comprehensive gradient
weighted sum of elements in each row and column.

SRi =
n
∑

j=1

(E−1)Rbj

Ej + Rbn
En

SCi =
n
∑

j=1

(E−1)Cbj

Ej + Cbn
En

(12)

5. Among them, (Rb1, · · ·, Rbn), (Cb1, · · ·, Cbn) are the incremental sorting results of the
i − th row and i − th column elements respectively. For the unallocated row and
column elements, the weighted sum of the comprehensive gradients is sorted from
large to small, and the row or column with the largest comprehensive gradient is
selected for trial allocation. To reduce the order of the distance matrix, the algorithm
deletes the rows and columns allocated above. If the number of rows of the distance
matrix is less than or equal to the number of columns, the weighted sum of the
comprehensive gradients of the unallocated column elements is sorted from large to
small, and the column with the largest comprehensive gradient is selected for trial
allocation. By deleting the rows and columns of the above allocation, the order of
distance matrix is reduced. Repeat the above process to determine whether the end
condition is met and obtain the allocation result.

6. According to the method of the minimum objective function, the target points to be
reconstructed is reprogrammed, and the desired position to be achieved is assigned;

7. Based on the above numbering method, use the leader-follower control law based on
the consensus algorithm to control the system to achieve the formation and recon-
struction of the overall goal.

The process of the trial allocation part is as follows:

Step 1. Initialize the algorithm and related parameters;
Step 2. The number of rows and columns in the distance matrix was compared. If the

number of rows and columns are equal, go to the next step. If the number of rows
is larger, go to step5, otherwise go to step7.

Step 3. We sort the comprehensive weighted values of each row and column from large to
small, so that the subscript of the row (column) with the largest comprehensive
weighted value is;

Step 4. If the row (column) with the smallest element in the row (column) k of the distance
matrix is ik, jk respectively, then assign the row ik to column jk and go to step9.

Step 5. Sorting the combined weighted values of the rows from the largest to the smallest,
and let the subscript of the row with the largest combined weighted value be k;

Step 6. If the smallest element in row k of the distance matrix is located is jk, and assign
row k to column jk and go to step9.
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Step 7. Sorting the combined weighted values of the columns from the smallest to the
largest, and let the subscript of the column with the largest combined weighted
value be;

Step 8. If the smallest element in the column k of the distance matrix is in the column ik,
then assign the row k to the column ik and go to step9.

Step 9. End the target trial assignment.

Figure 3 shows the process of time-varying target formation after using the improved
Hungarian algorithm.
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The following will give the allocation and planning of the improved Hungarian
algorithm when failure occurs in the static formation. It is more intuitive to understand the
path planning scheme of the improved Hungarian algorithm. Numbers 1–7 in the figure
represent different agents and their locations. The red circle and the blue circle denote
the leader and the follower, respectively. The gray circle represents the failed agent, the
blue-green circle represents the initial position of the filled-in agent, and the dashed line
shows its moving trajectory under static conditions. Figure 4a,b are the different situations
in which agents are disabled from seven to six, respectively. If they are disconnected in
sequence, the best allocation scheme obtained using the improved Hungarian algorithm, in
this case, is the fourth and fifth agents remaining unchanged and the sixth agent moving
down according to the reconstructed formation in the graphics library, filling the vacant
position. If the fourth agent is randomly disabled, the optimal allocation of the target point
after replanning is that the sixth agent fills the fourth position, and the seventh agent moves
up to fill the sixth empty position and reconstitutes the formation of six.
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Figure 4c,d show two cases of the accidental failure of six agents, respectively. Using
the improved Hungarian algorithm to redistribute the target points at the first time can
significantly save the overall path cost and quickly form a new reconfiguration pattern.

3.3. Multi-Agent System Control Law Design Based on Graph Theory and Consistency Algorithm

The corresponding control law for the second-order integrator model is designed to
solve the multi-agent affine maneuver formation in this section.

As a consequence, consider a network composed of N agents in Rd space, given d ≥ 2
and N ≥ d + 2 in this system. For the switching topology, in the time period of t→ ∞ ,
there are countless time intervals [tm, tm+1), m ∈ Z,where t0 = 0 represents time zero.
Assume that each time interval satisfies tm+1 − tm ≥ T, where T > 0. At every time
interval, there are k + 1 non-overlapping sub-intervals [tms , tms+1), s = 0, 1, · · · , k. It can
be assumed that within each sub-interval [tms , tms+1),the network topology Gs (switching
topology) is fixed until the next time sub-interval is entered. The corresponding stress
matrix can be expressed as Ωs, s = 0, 1, · · · , k [24].

Assumption 1 (Affine span of nominal formation). For the nominal formation (Gs, rs),
assume that {rsi}n

i=1 affinely span Rd.
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Based on the switching topology networks, psi ∈ Rd, i = {1, 2, · · · , N} represents the
position of agent i in the s-th switching topology, and the position of the entire formation
are denoted as ps = [pT

s1, pT
s2, · · · , pT

sN ]
T ∈ RdN . Information is transferred between agents

by switching topologies Gs.

Assumption 2 (Stress matrix of nominal formation). Assume that the nominal formation
(Gs, rs) has a positive-semidefinite stress matrix Ωs satisfying rank(Ωs) = n− d− 1.

If the set of all multi-agents is defined as µs, µsl = [1, 2, · · · , Nl ] express the leaders set
and the follower set is µs f = µs/µsl .The formation of leader is psl = [pT

s1, pT
s2, · · · , pT

sNl
]
T ,

and the formation of follower is ps f = [pT
sNl+1

, pT
sNl+2

, · · · , pT
sN ]

T . Hence, the formation

of the whole formation can be rewritten as ps = [pT
sl , pT

s f ]
T . In this network, assuming

that there is no information transfer between leaders, and the leaders can’t obtain the
information of followers. From the-above mentioned analysis, the stress matrix can be
divided as

Ωs =

[
Ωsll Ωsl f

Ωs f l Ωs f f

]
=

[
0 0

Ωs f l Ωs f f

]
(13)

Definition 2 (Affine localizability). The nominal formation (Gs, rs) is affinely localizable by the
leaders if for any ps = [pT

sl , pT
s f ]

T ∈ A(r), ps f can be uniquely determined by psl .

The Definition 2 can be interpreted as if the formation is in A(r), then the position of
followers can be uniquely determined by the leaders. As a result, this definition guarantees
that the followers can track any desired configuration.

Assumption 3 (Affine localizability of nominal formation). Assume that the nominal for-
mation (Gs, rs) is affinely localizable by the leaders.

Before the control law is designed, Assumptions 1–3 need to be satisfied. To satisfy
Assumption 1, the multi-agent system must be affinely span in Rd. To satisfy Assumption
2, the nominal configuration needs to be universally rigid. For the purpose of Assumption
3, there are at least d + 1 agents selected as leaders that capable of affine span Rd in the
nominal formation.

For a group of multi-agents, each agent using the double integrator model can be
expressed as follows { .

psi = vsi.
vsi = usi

(14)

vsi can be expressed as the velocity of the agent and usi indicates the control input that
needs to be designed.

For the purpose of driving all agents to reach the formation control, the following
distributed control laws are proposed as follow:

.
psi = vsi.
vsi = − 1

γsi
∑

j∈Ni

wsij [kp(psi − psj) + kv(vsi − vsj)−
.
vsj] (15)

where the non-singularity of γsi is γsi = ∑
j∈Ni

wsij . The adjacency matrix element wsij is

time-varying for different formation topologies.
The control law (15) is designed according to the consensus protocols for tracking

time-varying references in [25].

Proposition 1 (Non-singularity of γsi). Under Assumptions 1–3, γsi > 0 for all i ∈ νs f .
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In this article, Ω are used to represent Ω⊗ Id. Based on the partition of leaders and
followers, the associated stress matrix Ωs can be denoted as

Ωs =

[
Ωsll Ωsl f

Ωs f l Ωs f f

]
(16)

where Ωsff ∈ R(dnsf)×(dnsf), Ωsfl ∈ R(dnsf)×(dnsl).

It is assumed that Ωs f f is positive definite, thus we can obtain p∗s f (t) = −Ω−1
s f f

Ωs f l p∗sl(t)

and v∗s f (t) = Ω−1
s f f

Ωs f l v
∗
sl(t), respectively.

For lim
t→∞

vsl (t) = v∗sl
(t) and lim

t→∞
psl (t) = p∗sl

(t), the position tracking error and the

speed tracking error of the follower are expressed as

δsp f (t) = ps f (t)− p∗s f (t) = ps f (t) + Ω−1
s f f

Ωs f l p∗sl(t)

δsv f (t) = vs f (t)− v∗s f (t) = vs f (t) + Ω−1
s f f

Ωs f l v
∗
sl(t)

(17)

3.4. Stability Analysis of Time-Varying Topology Formation

In this section, based on the second-order integrator model, it is provided how the
control law of the swarm reaches a steady state in segment interval, and finally realizes
affine formation maneuver control. That is, the distributed control laws usi(t) for the
follower makes the final realization of δsp f (t)→ 0, δsv f (t)→ 0 . The following are the
stability analysis of the control laws (15).

Multiplying γsi on both sides of (15) gives

∑
j∈Ni

wsij(
.
vsi −

.
vsj)

= ∑
j∈Ni

wsij [−kp(psi − psj)− kv(vsi − vsj)]
(18)

The matrix-vector forms are expressed as

Ωs f f

.
vs f + Ωs f l

.
v∗sl

= −kp(Ωs f f ps f + Ωs f l p∗sl)− kv(Ωs f f vs f + Ωs f l v
∗
sl)

(19)

Because of δsp f (t) = ps f (t) + Ω−1
s f f

Ωs f l p∗sl(t), δsv f (t) = vs f (t) + Ω−1
s f f

Ωs f l v
∗
sl(t), so

Ωs f f

.
v f + Ωs f l

.
v∗sl = −kpΩs f f δsp f − kvΩs f f δsv f (20)

Multiplying both sides by Ω−1
s f f

, after shifting the term, we get
.
vs f = −kpδsp f − kvδsv f −

Ω−1
s f f

Ωs f l

.
v∗sl , and Formula (20) can be denoted as

.
δsv f =

.
vs f + Ω−1

s f f
Ωs f l

.
v∗sl = −kpδsp f − kvδsv f (21)

As a result, the error dynamics can be written as[ .
δsp f.
δsv f

]
=

(
0 I
−kp I −kv I

)[
δsp f

δsv f

]
(22)

Define ϕs =
[
δT

sp f
, δT

sv f

]T
, and Ws is the state matrix containing the control gain kp, kv.

The eigenvalue of the state matrix can be derived as λs = (−kv ±
√

k2
v − 4kp)/2,

which always has the negative real part for any kv, kp > 0. Thus Ws is the Hurwitz matrix,
and ϕs can converge to zero.
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The global and exponential convergence follows. Through the above analysis, it can
be concluded that the number of agents can achieve the expected configuration under the
condition of switching topology.

4. Simulation Analysis of Switching Topology Formation

In this part, we validate the effectiveness of our proposed distributed control laws in
the above sections. We carry out the simulation for the agents with the double integrator
model (14) and the corresponding parameters are shown below.

Firstly, we consider the formation system with seven agents, where there exist four
followers labeled 4, 5, 6, 7 and 3 leaders labeled 1, 2, 3. The initial positions of the seven
agents are

q∗ =
[

4 2 2 0 0 −2 −2
0 2 −2 2 −2 2 −2

]
(23)

In addition, set the initial velocity of the multi-agent systems to 0. Let the control
parameter be chosen as kp = 0.5 and kv = 2, respectively. The step size and the simulation
time are constructed as 0.01 s and 80 s. It is very clear to see that the three leaders are not
collinear in the formation, therefore they can affinely span in the plane.

For simulations in a 2D plane, the required configuration is given in the figure be-
low. According to the theorems and arguments given above, we calculate the weights
of the formation configuration of the six agents, as shown below. It can be proven to be
universal rigidity.

k11 = k66 = −0.4339,
k22 = k33 = k44 = k55 = −0.6508
k25 = k52 = k34 = k43 = 0.4881
k12 = k21 = k13 = k31 = k46 = k64 = 0.3254
k16 = k61 = −0.2169, k24 = k42 = −0.1627

(24)

In practice, the prescribed formation shapes at different times are depicted in Figure 5.
Different numbers in the figure represent different agents, with red and blue being the
leader and follower respectively. It can be clearly found that after a single agent is disabled,
the leader–follower algorithms [19] need three agents to form the given configuration in the
graph library, and the paths appear to cross. After the Improved Hungarian algorithm is
added in this paper, there are some trade-offs in the calculation time of the whole algorithm.
However, in terms of effectiveness, the method adopted in this paper makes the formation
move from multiple agents to only a single one. A comparison of the tracking errors of
the two algorithms is shown in Figure 6. The algorithm used in this paper has a shorter
convergence time and the peak error is reduced by 3.826. Table 2 shows that the total path
consumption is reduced by 8.06 m, the time to reach the steady state is reduced by 8 s,
and the peak tracking error is reduced by 66.6%, which greatly improves the efficiency of
formation reconstruction. In a more complex environment, this algorithm can save more
fuel and improve the efficiency of large-scale formation reconstruction.
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Table 2. Data comparison of different strategies.

Different Strategies Total Path Cost Steady-State Time Tracking Error Peak
Comparison

Using the Leader-Follower
algorithms 68.15 63 s 5.742

Using the Improved
Hungarian Algorithm 60.09 55 s 1.916

In order to simulate the damage of agents, the number of agents is gradually reduced
from seven to only four. From zero to forty seconds, there exists seven agents. The followers
are disconnected at 40, 70, and 100 s respectively. Assuming that in the ideal state, the
leader will not be failed, and the remaining agents continue to complete the task. The
various nominal formations in Figure 2b are constructed according to the second part of the
article. Furthermore, the given graphs are fixed during the piecewise maneuvering process.
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The corresponding stress matrixes can be calculated in advance by using the method in [21].
Moreover, the stress matrixes are all positive semidefinite and satisfy rank(Ωs) = n− d− 1.

The figure below shows the construction and path changes of the topology graph of
multiple agents when there is random damage in the time-varying formation topology.

The arbitrarily initial positions of the seven agents can be obtained as q(0) = q∗ +

rand(2, 7), where the desired positions of these agents are q∗ =
[

4 2 2 0 0 −2 −2
0 2 −2 2 −2 2 −2

]
.

With these control parameters, the trajectory snapshots of the multi-agent system at
different times are plotted in Figure 7. From the results, the formation changed three times
in total by disabling one follower at a time in the simulation. At the initial moment t = 0, the
agents are in random loose positions. With the formation control, the designed formation
configuration can be formed at t = 17 s. We note that the formation converges to the desired
position from a random initial formation shape at the beginning using the given control law.
At around the 40 s, the formation changes the scale and geometric pattern. As can be seen
from the figure, the three leaders change from a triangle to a line formation at around 100 s.
It can be observed that no matter how the formation changes, the parallel or collinearity
lines are still preserved during the formation control. The pink line under the trajectory
graph is the tracking error image, which can gradually converge to 0 with each change
of formation.
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It can be clearly seen in Figure 8 that for the followers, the time-varying target for-
mation would produce the corresponding tracking errors at 3 different time points (40 s,
70 s, 100 s). After adding the improved Hungarian algorithm to the target point position
distribution, the tracking error is kept within a small range, and can converge to 0 as soon
as possible. Figure 8 shows that the affine formation tracking error of followers converges
to zeros within 16 s, 54 s, 83 s, and 109 s.
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5. Conclusions

Focusing on the problem of time-varying formation control, this paper introduces
algebraic graph theory to abstract the connection topology between agents. Combining the
concept of affine transformations with universal rigidity, the relation is unique regardless of
how the topology graph is affine transformed in linear space. To achieve the minimum fuel
consumption, the improved Hungarian algorithm is used to reallocate the target position
after topology switching. Moreover, the corresponding model library has been built to
rapidly establish new target formation configurations in a collaborative environment. Our
method can save the whole system energy and improve the efficiency of multi-agent
reconstruction after failure. A distributed control law based on consensus theory and
leader-follower is designed for the linear model, and its global stability is proved using the
Lyapunov function. In the end, the feasibility of the proposed approach was proved by the
numerical simulations in the time-varying target configuration case.

Plenty of appealing directions for future research remain. The time-varying topological
formation control considered in this paper is only for a single disabled agent. For a more
complex and realistic collaborative environment, it is necessary to study the system with
heterogeneous dynamics and when multiple agents are randomly disconnected. In the
process of large-scale multi-agent reconstruction, how to avoid dynamic obstacles and how
to face unknown external disturbances is another important research topic. In addition, the
time-varying topology formation reconfiguration method in this paper can also be applied
in three-dimensional or higher-dimensional spaces in the future.
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