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Abstract: In this paper, we present an investigation into the stability of equilibrium points and
synchronization within a finite time frame for fractional-order Lengyel-Epstein reaction-diffusion
systems. Initially, we utilize Lyapunov theory and multiple criteria to examine the finite-time stability
of equilibrium points. Following this analysis, we design efficient, interdependent linear controllers.
By applying a Lyapunov function, we define new adequate conditions to ensure finite-time synchro-
nization within a specified time interval. Finally, we provide two illustrative examples to demonstrate
the effectiveness and practicality of our proposed method and validate the theoretical outcomes.

Keywords: finite time frame; Lengyel-Epstein reaction-diffusion systems; Lyapunov theory; linear
controllers; finite-time stability; finite-time synchronization

1. Introduction

The chlorite-iodide-malonic acid (CIMA) chemical reaction serves as a pivotal model
for the fractional variant of the Lengyel-Epstein reaction-diffusion system, capturing the at-
tention of numerous neuroscientists [1-4]. This interest stems from its historical significance
as one of the earliest experimental validations of Alan Turing’s 1952 theoretical propositions,
particularly regarding the chemical mechanisms underlying morphogenesis and pattern
formation [5]. The CIMA reaction encompasses three chemical reaction schemes:

MA+I, - IMA+I1 +HT, 1
1
ClOy+1" = CIO; + 5h, 2)
CIO; +4I +4H" — CI™ 421, + 2H,0. (3)

The simplified representation of this reaction into the traditional Lengyel-Epstein
model incorporates the empirical rate laws while neglecting constant factors. This model
features two dependent variables, £ and &, which represent the temporal variations in
the concentrations of [I~] and [CIO, |, respectively. Various studies have examined the
overall behavior of the Lengyel-Epstein system, detailing sufficient criteria for both its local
and global asymptotic stability [6-9]. Furthermore, ref. [10] provides sufficient criteria for
either Turing or diffusion-driven instability of the system.

Finite-time stability in a dynamical system implies that trajectories converge to an
equilibrium point within a finite time span, maintaining proximity to this equilibrium
throughout. In contrast, finite-time synchronization involves achieving coordination among
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the states of multiple dynamical systems within a finite duration, aligning their states
irrespective of initial conditions. This concept is critical in applications requiring rapid
coordination within specific time constraints [11-18].

This research introduces a novel approach to exploring finite-time stability and syn-
chronization within a subset of fractional-order spatiotemporal partial differential systems.
The primary goal is to investigate both finite-time stability and finite-time synchronization
in interconnected fractional reaction-diffusion systems. Utilizing a fractional Lyapunov
method, we propose a linear control technique to achieve finite-time synchronization for
general fractional reaction-diffusion systems. The effectiveness and practicality of these
control methods are demonstrated through the synchronization behaviors of interconnected
fractional-order Lengyel-Epstein systems.

The paper is structured as follows: Section 2 establishes the foundational concepts
necessary for understanding the fractional-order nonlinear system described by the Caputo
fractional-order derivative. Section 3 describes the model for the Lengyel-Epstein reaction-
diffusion system, which simulates the chlorite-iodide-malonic acid (CIMA) reaction in an
open, unstirred gel reactor. The model is presented with equations that define the dynamics
of the activator and inhibitor concentrations over time and space. Section 4 focuses on
establishing the prerequisites for ensuring the finite-time stability of the equilibrium point
in a fractional-order nonlinear system. Section 5 examines finite-time synchronization
in reaction-diffusion systems, particularly focusing on the Lengyel-Epstein subsystem.
The aim is to achieve rapid synchronization of spatially distributed components within
a specified time frame, ensuring efficient coherence across the system’s spatial elements.
Section 6 presents two practical scenarios to validate the proposed approach and verify the
theoretical findings.

2. Preliminaries

Consider the following fractional-order nonlinear system described by the Caputo
fractional-order derivative:

{thNz(t) =Y(tz(t), t>0, 4)

z(0) = zo,
where z € R" and z(t) € C'[0, +c0). The order R € (0,1) and ¥(¢t,z(t)) : [0, +0) x Q —
R". The origin z = 0 is within the domain ) C R", and ¥ (¢,z(t)) is piecewise continuous

in t on [0, +0c0) [19].

Definition 1 ([20]). The Riemann—Liouville fractional-order integral operator of an arbitrary
integrable function £ is defined as:

1 t
FEW = cog [ (=€), 5
wheret > 0,0 <X < 1,and T(.) is the gamma function.
Definition 2 ([21]). The Caputo fractional derivative of order X > 0 is defined as

Cng(t) _ ﬁ fot(t — g)m—N—lg(m)(g)dg, m—1<RN<m, ©
o oDIE(H), N,

where m is the smallest integer greater than X and ¢ > 0.
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Definition 3 ([22]). The Mittag-Leffler function with R > 0, denoted by Ey, is defined as:
B =Y )
= r(Nj+1)
Lemma 1 ([12,19]). Forall z € R" and Y € (0,1), the following inequality holds:
CpX (zT(t)z(t)> <2:T(HSDPz(t), t>o. )

Definition 4 ([23]). Suppose D C ) is an open neighborhood of 0, if there is a function t* :

D\{0} — R’ called the setting-time satisfying (1) and (2), then, z* is called a finite-time stable

equilibrium point of the system (4).

1. Vzop € D\ {0},z(t) = z(t,z0) € D\ {0},Vt € [0,t"(z0)), limy_, (o) 2(t) = O, and
z(t) = 0for t € [t*(z0), +0).

2. For every open neighborhood U, of 0, there is an open subset U containing 0 in D, satisfying
for¥zo € Uy \ {0} and Vt € [0,t*(20)), z(t) = z(t,20) € Ue.

Theorem 1 ([23]). z* is an finite-time stability equilibrium point of the fractional-order nonlinear
systems (4) if there exists a differentiable Lyapunov function L : [0, +00) x QO — R, three class
M functions B1, B2, B3, and a & > 0 such that

L Bz < L(tz(t)) < Ballz(t) I,
2. oDiL(tz(t) < —BaL(t,z(t)),
3.

foeﬁdz<+oo,(Ve:0<e§(5).

3. Problem Description

The Lengyel-Epstein reaction-diffusion system effectively captures the fundamental
characteristics of the chlorite-iodide-malonic acid (CIMA) reaction observed in an open,
unstirred gel reactor. This system initially provided experimental evidence for the existence
of Turing patterns in 1990. The model proposed by Lengyel and Epstein is formulated
as follows:

CDRE(x, 1) = A& +a—-& -2 xecq,t>0,

1+
CpRN _ _ &&
ODt Ez(x,t)—(7<01A82+b<€1 1_"1_512>), xeO,t>0, ©)

& _ &
W—w—o, x€30,t>0,

E1(x,0) =&10(x) >0, &(x,0)=Ep0(x) >0, xeQ.

Here, () denotes a bounded domain in R” with a sufficiently smooth boundary 0Q).
The operator § D} represents the Caputo fractional derivative of order X. In this context, &
signifies the concentration of the activator (iodide), while & denotes the inhibitor (chlorite)
within the domain Q). The parameters a and b correspond to the supply concentration, 9;
represents the diffusion coefficient ratio, and ¢ > 0 is an adjusting parameter influenced by
the starch concentration.

Lemma 2 ([6]). The system (9) admits a unique solution (£1,&y), defined for all x and t > 0.
Morover, there exist two positive constants Cy and Cy such that

Ci <& (xt),&(xt) <C, xeO,t>0. (10)
The critical equilibrium point is denoted as £* = (%, 1+ g—;) within the Caputo

fractional Lengyel-Epstein dynamic system. This equilibrium is determined by solving the
following system of Equations (11):
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4EFES
AEf +a— & — 1+151*22 =0,
* x«_ &8 (1)
0(01A52 + b<€1 _ W)) _o,
From [2], according to Ouannes et al. it is clear that
4818 4E7E5
— <& = EF|+4|1E - &, 12
1_._512 1+51»«2—|1 1| |2 2| (12)
0’[)5152 Ubgikgz*
— <& =& +oblE — EF). 13
1—1-512 1+gl*2—|1 1‘ |2 2| ( )

4. Finite-Time Stability Result

In this section, we establish the necessary prerequisites for ensuring the finite-time
stability of the equilibrium point £* = (%, 1+ g—;) We begin by introducing various
stability criteria:

Lemma 3 ([24]). (Poincaré Integral Inequality) () C R" is a bounded domain with its smooth
boundary 9Q) that is of C2. 9(x) € HL(Q) is a real-valued function and 8%%9() la = 0. Then,

L IveePar=a [ 1o dx, (14

where {7 is a positive eigenvalue of the problem:

(15)

2 —0, xcan.

{M(x) = —8(x), x€Q,

Here, 1 is the unit normal vector to d().

Theorem 2. The point £* = (%, 1+ %;) constitutes a finite-time stable equilibrium for the
fractional-order nonlinear systems (9) if the following conditions are satisfied:

. {1 (o00q 14 300 2
2 - : — >0, 16
mm{ & & 2mingen & mingen & (16)
£>0 >0

a

0 < mi < < =
1;{%16151 <& < 5 17)

£>0

£<E «
0 < mi < <14 —. 18
mpf2=asitog (18)

t>0

The finite-time stability of this equilibrium point is characterized by the settling time:

L1(0
ind 81 G0 1+30b 2
(mm{é, Zgik 1} - Zminxeao & - mianQ 51>£1(tmax)
t>0 t>0

Proof. We define a positive Lyapunov function as follows:

£1(t)2/0[81—51"<1+1n(2)ﬂdx+/()[€2—€§<l+ln(%>ﬂdx, 20)
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Thus, we obtain
& &
ODtﬁl(t):/QODt &-&(1+n( g dx+/ oDr|£2 =& (1+1n( g2 ) )| dx
—/ T (DSfDE*)der/ 1- 52 (\Di&s — oD dx
- Q 51 ortel oteq Q 52 ote2 oten
& 466,  AEIE;
~((-& (&1-€ E1— &) — - d
/< & )[ i)=& <1+812 11&2 )™
& &1& EFES
1- 22 NA(E — &) +b(E &) —b - 17 d
+/n( 52) 0<1 (& -&)+o-4&) <1+512 1+&2) )|
g* * <E‘2 *
—/ (51 dx+ab/ <1—> &) dx
_/ (1 ) 451522 451522 dx—/ <1 52) (7[351822 _‘7[’5153 dx
0 & 1+& 1+¢& Q & 1+& 1+€&
/ 1= agg — e dx + o0 / 1- & \aE - g)d
JO 51 1= v 701 Q 52 2 2 X
By G Ay R L R i
51 2 O g
45152 45{5; 0'[)5152 O'bgfg;
2 2 2 2 (21)
1+E2 1+& 1+62 1+&

where oDy is the normal derivative. Using Green’s formula in conjunction with the inequal-
ities (12) and (13), we derive

& — &x + & — &2
oDiLq(t) < —El*/n‘v( 152 )’ dx —od 82/ —|V 28 ) dx—/Q( ! g, i) dx
1 2

ob ~(51_gl*) (52—52
+7.Q & ax Jr/

+

V(e &P
51/ ‘ dx o 82/ |vg—22>|dx
2

— &+ 4|8 — &) dx

g*
52 (&1 — & | +0b|&E — &) dx
2

1 (1+ab)(51—51*)2+(1+3ab)(52—5;)2
+5 d
2 &

YR IR TN
o) &

(22)
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According to Lemma 3, we can conclude
£ - &)’ (& &)
DiL1(f) < — 5*/ Go&) 005*/ 2= %) gy
oDiLa(t) < —Ga&y | & Loy | &2
1 [ (14+0b)(& — &)+ (1430b)(& — &)
+ f/ dx
2 Ja &
E1—EV + (E2-&)
+2/ ( 1 1) +( 2 2) dx
Q 51
élé'l* 1+4+0b 2 2
/Q ( 512 252 gl (Sl <E‘1 ) X
520'0152* 14 3cb 2 2
— — - = — &) dx. 2
/Q< 2 e~ 5 | (€2 &) dx (23)
Given 0 < min,cn & < & < & and 0 < minyeq & < & < &5, we have:
>0 10
gl 1+0b 2 N
D t) < — - - d
oDiLy(t) < /Q(gl* 26, z (&1 — &) dx
(o001 14300 2 2
— — —— (& —&5)°d
/Q( Eék 252 gl ( 2 2) x
. {1 (o001 14 30b 2
< _ =1 _ _
- (mln{ (c/’l*/ 52* 2minycn & mingecq &1 %
£>0 >0
*\2 *\2
/Q((gl - &)+ (& —-&) ) dx. (24)
: 14306 2 il & Lod :
Assuming 5 mirTng 5+ T < mln{?}, 2‘% 1 }, we find
£>0 >0
. 01 (00 1+ 30b 2
D ) < — Z— - — t). 25
oDiLy(t) < (mm{ & & Iminen & minead | A1 @5)
£>0 £>0
. ) 1430k 2
Let B30 = rnm{g—li, gzg‘} L } — th‘fxgo &~ minge > 0 Then,
t>0 £>0
€1 €
— < o0, (26)
4 41 Go00 1+30b 2
" Pao mm{?}" 5 } B Zmi:xgﬂ & mingen&
£>0 £>0

The function £; is monotonically decreasing. For 0 < t < t] < tmay, it follows that

L1(t) > L1(t]) > L1(tmax). Moreover,

1) < - e - B
L1(t) < £4(0) mm{ < g 2mingeq & mingeq &
£>0 >0
) 51 52(701 1+ 30b 2
< B 41 _ _
£1(0) mln{ ik ’ 52* 2mingeq & mingeq &
£>0 >0
B ) gl gngl 14 30b 2
=L (0) mln{ ik ’ 52* 2mingen & mingeq &
£>0 >0

[ it
/0 L1 (b dc

L1 (tmax) £ (27)
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t—t]

Here, £* termed as the finite-time equilibrium point if there exists t] > 0, such that

lim £1(t) < £1(0) — min{ C1 £2001 } 1+ 300 2 ) Ly (tma)t = 0. (28)

51* ! 5; 2 miner 52 mil’ler 51
t>0 t>0

The settling time #] is estimated as follows:
£4(0)

t =
=
i) 81 Govy | 14306 2
<mm{ &g Tmin, e & mingen & | £1(fmax)
t>0 t>0

Therefore, the equilibrium point £* = (%, 1+ %;) for the nonlinear systems described

by system (9) is stable over a finite period, as stated in Theorem 1. This stability implies
that the system remains near the equilibrium point for a finite duration, demonstrating
predictability and stability in its behavior. [

5. Finite-Time Synchronization Scheme

The concept of finite-time synchronization in reaction-diffusion systems focuses on
achieving rapid synchronization among spatially dispersed elements within a specified
time frame. The primary goal is to ensure efficient coherence across the spatial components
of the system.

Consider the subsystem of the Lengyel-Epstein reaction-diffusion system described
by the following equations:

thNé'_l(x,t):Aé_'l—ka—é_'l—ﬁlgl%—i—cl, xeO, t>0,

nggz(x,t)—U<01A5_2+b<5’1— 51&12))-‘1-62, xeO, t>0,
1

(29)
sz—, anQ,t>0,

5_1(x,0) = g][o(x) >0, gz(x,O) = gzl()(x) >0, xeQ.

We examine the discrepancies in synchronization between Equations (9) and (29)

through the error vector:
_(a)_[(&-&
e(x, 1) = <22> = (5’2 B 52>. (30)

In the following discussion, we will identify the linear controllers C; and Cp, which
are designed to drive the error system solution towards zero as t approaches the settling
time #*.

Theorem 3 ([25]). Let L(t) be a continuous and positive definite function satisfying:
SDRL(t) < —QL(), Vt>0, (31)
where 0 < X < 1and =Q is a non-negative constant. Then,

L(t) < E(O)EN(—QtN>, vt € [0,+), (32)

where Ey, is the Mittag-Leffler function and the settling time is given by:
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Moreover, L(0) is positive, and L(t) = 0 for t > t*.
Definition 5 ([26,27]). If there exists a specific time parameter t* > 0 such that:
tim 1 (5)]| + [Je2(8) | =0, (4)
and
lex(D)[ + fle2(8)| = 0, V= #7, (35)

then, the master-slave systems (9) and (29) are synchronized in finite time.

Theorem 4. The master-slave systems represented by (9) and (29) achieve stable and synchronized
states within a finite time frame when the following conditions are satisfied:

min{Cl +30b — 2,50b<1+€201 — i)} >0, (36)

where {1 and {y are positive eigenvalues. This can be accomplished by employing a 2-dimensional
linear control law:

Cl = —30'[161, (37)
Cr = —0ob(er + 6¢2),
with the settling time defined as:
Nfl
p— r(R+1) 8)
’ 2min{g +30b—3,5 ( Qo _ 1 '
1+30b = 3,506 {1+ 5% — 5%

Proof. By incorporating the control described in the theorem into the error system, we
derive the following dynamics:

OCDtNel(x,t) = Aeg — (1+30b)eg — (‘i‘:’}g% — ﬁlgﬁ), xeQ, t>0,

CDNey(x,t) = o |01 A¢s — 6bey — b(&g@ - b4 )] xeQ, t>0,

1462 1+&7 (39)
ael _ aﬂ _
= o =0 x €00, t>0,
e1(x,0) = E10(x) = E10(x),  e2(x,0) = Er0(x) — Erp(x), x€Q.
Then, we define a function £3(¢) as follows:
1
L5(t) = 5 /Q (&+8)dx, (40)

To compute § D} L5(t) using Lemmas 1 and 3 and inequalities (12) and (13), we find
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OCD?ACg(t) S/ €1 Dt e1 dx+/ N Dt er dx

166 465
= Aeg — (143 — = — d
/(;ql e1 ( + O’b)el (1_’_512 1+512>‘| X
N /Q o o6& ab&&ﬂ o

1+&  1+&
</ e1Aep dx — (14 30b) / eldx—l—/\1|

001Aey — 60bey — <
466 485 |
1+& 1+&F

(Tbglgz _ (755152
1+&  1+&2

dx

—1—0'01/ eerzdx—&Tb/ e%dx+/ |ea]
Q Q Q

S/ elAeldx—(1+30b)/ e%dx+/\e1|(]6_’1—€1]+4‘52—52‘)dx
Q Q Q

—|—(701/Qeerzdx—6(7[1/()e%dx—|—/0\e2|(|5_1—51|+(Tb|€_2—52|)dx

< - / |Ver|* dx — 00y / |Vep|? dx — 30[1/ ¢3 dx —5(7[:/ e%dx—i—S/ le1]|e2| dx
Q Q Q (@)
5 2 gZDl 1 /
< _ _ =z _ L S
< <€1 + 30b 2) /Qel dx 5(Tb< + 56 50h e2dx
. 5 gzal 1
< - - = =z - — f). 41
< 2m1n{§1 +30b 2,5(7[1(1—1— % 206 L3(t) 41)

From [28], as the parameter N gradually approaches 1 from the left side, the fractional
derivative operator { D} £3(t) tends to converge towards the standard derivative opera-
tor gD L3(t). This convergence suggests or implies something further, likely related to
simplification or a change in behavior as the fractional order approaches a whole number.

hm 1o Dt L3(t) = oD L3(F). (42)

That is,

. 5 Czﬁl 1
< - - = N 4
ODt,Cg,(t) < 211’111’1{51 + 30b 2,50’5 <1+ 55 20h £3(t>, (43)
— : 5 0201 1 i

Denote 3, = 2m1n{§1 +30b — 3,500 (1 + %5 — m)} > (0, we can obtain:

/ L € < 4o (44)
0 Bz C 2mm{g1+3ab— —,50b(1+@ - ﬁ)}

Using Theorem 1, we establish that if the error system (39) attains a zero solution, it
indicates the finite-time stability of the equilibrium point (e, ¢2) = (0,0). Furthermore, by
employing Theorem 3, we draw further conclusions:

L3(t) < L3(0)Ex | —2ming g1 + 30b — > 50b( 1+ b 1 a Vit e [0,t5) (45)
- 2 56 20b ' e

with the settling-time

R-1
o (R+1)
2 - 7
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Moreover, £3(0) is positive and £3(t) = 0 for t > t;. In conclusion, the master-slave
systems described by Equations (9) and (29) have the capability to achieve synchronization
within a finite period of time when subjected to a specific linear control law. Definition 5
outlines the conditions under which synchronization can be achieved within these systems,
implying that such synchronization occurs within a finite time frame using the prescribed
linear control law. O

6. Numerical Simulations

In this section, two practical scenarios are presented to demonstrate the effectiveness
and practicality of the proposed approach, as well as to verify the theoretical findings.
The theoretical conclusions are tested through numerical simulations conducted using
MATLAB software.

Example 1. We define the domains as follows: Q) = [0,4] and t € [0,16]. The parameters are
set as:

Variable Value

o 6
01 2

a 5

b 5
4] 10°
) 10°
N 0.995
N 100

The boundary conditions are given by:

d&; (0, t) . 0&> (4, t)

o =0, tc[o16]. (46)

The initial conditions are:

{51,0@:) = 0.25 + 0.0625 cos(3x), )

E0(x) = 1.25 4 0.3125 sin (4x).

The point £* = (1,2) constitutes a finite-time stable equilibrium for the fractional-order
nonlinear systems if the conditions of Theorem 2 are satisfied:

0.1876 < & <1, (48)
0.9375 < & < 2. (49)
We find:
min{gi, €201 } C LS 2 99994 x 105, (50)
&& 2mingcn &  mingen &1
t>0 £>0
L£1(0) = 85.6450, (51)
£1(16) = 5.3801 x 107°. (52)

The finite-time stability of this equilibrium point is characterized by the settling time:

£41(0)

t =
=
i) 8 Gpovy | 14306 2
(mm{sl*f 33 } Tming e & minx€Q€1>£1<16)
t>0 t>0

= 15.9198s. (53)
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Figure 1 illustrate the spatiotemporal solutions of the system under consideration, observed
across both spatial and temporal dimensions, while adhering to homogeneous Neumann boundary
conditions. The equilibrium point of particular interest, denoted as £* = (1,2), is identified based
on the principles outlined in Theorem 2. This theorem suggests that the system maintains stability
over a finite duration, an assertion we seek to validate through numerical analysis.

Figure 1. Dynamic behavior of the system (9) & (x, t) and &(x, £).

To substantiate this theoretical proposition, Figure 2 are presented, providing visual repre-
sentations of the system’s solutions alongside the associated error profiles, focusing specifically
on one-dimensional spatial scenarios. These figures offer numerical insights into how deviations
between the actual system behavior and its equilibrium state evolve over time.

(100}
185 —E,(100y)]

——e(i00y
e, (100

E,(100,t)and E,(100,1)
e,(100,tand e,(100,t)

0.61

0.4 1 -0.8

02 I I I I I I I 209
0 0

Figure 2. Solutions of the system (9) £ (100, t), £,(100, t), and errors ¢1 (100, £), ¢ (100, £).

Furthermore, Figure 3 specifically examines the behavior of the Lyapunov function L1 (t). It
demonstrates that as time t approaches the critical value t7 = 15.9200 s, L1 (t) asymptotically tends
toward 0. This observation serves as empirical evidence supporting the finite-time stability of the
system at the equilibrium point £*.
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Figure 3. Estimation of the Lyapunov function £ (t).

Example 2. We define the domain Q) as [0, 18] and t ranges within [0, 18]. The parameters are

specified as follows:

Variable  Value
o 1
01 1
a 3
b 0.8393
01 0.01
{2 0.01
N 0.9995
N 100

The boundary conditions are given by:

&1 (0t 08, (18,1
{ 104) — Z%t L =0, telo,18],
t

9&1 (0.t 98, (18,
00 _ 95081 _ o, te0,18],

(54)

Then, we specify the initial conditions for the master-slave systems (9) and (29) as follows:

E10(x) =2+ 0.5c0s(3x), (55)
82,0(36) =1405 sin(4x).
E1o(x) = 2.25 —1.125sin(3x), (56)
Er0(x) = 1.25 — 0.3125 cos(4x),

The master-slave systems (9) and (29) achieve stable and synchronized states within a finite

time frame when the conditions of Theorem 4 are satisfied:

1
min{gl +30b — g,Sab (1 e U) } = 0.0279, (57)

This is accomplished by employing a 2-dimensional linear control law:

{c1 = —2.5179b¢;, 58)

C = —0.83935(61 + 662),
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where
La(t) < G(t) = 51.6067E0,9995(—0.0558t0-9995), vt e [0,8), (59)
with the settling-time
N
t5 = rR+1) =17.9432s. (60)
2min{gy +30b — 3,506 (1+ % — 515 )|
We find:
£3(17.9432) = 8.7296 x 1019, (61)
where 17.9432 < t < 18. We can conclude that
L3(t) =0. (62)

The analysis of spatiotemporal dynamics in two distinct systems, referenced as (9) and (29), is
visually presented in Figures 4, 5 and 7. These figures provide graphical depictions of how these
systems behave both in two-dimensional and one-dimensional contexts. They illustrate how the
variables evolve over time and space, showing the interaction and synchronization between different

components within each system.

Figure 4. Dynamic behavior of the master system (9) &1 (x, t) and & (x, £).

Figure 5. Dynamicbehavior of the slave system (29) £ (x, t) and & (x, t).
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Furthermore, Figures 6 and 7 offer numerical insights into the spatiotemporal solutions of the
error synchronization system (39). These figures demonstrate how discrepancies between the master
and slave systems, as represented by the error variables e1 and ey, diminish over time. Specifically,
as time t approaches t; = 17.9432 s, the errors converge to zero, indicating that the systems achieve
synchronization within a finite time frame.

ety
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2 ! 08 |
) ——650)
g 18} — 0] 06
~ 50
W' qg £ 04}
T ~
c =
© o
S 14 o 02
o 12 E 0
8 8 2
£ N -
w )
2 08f -04
o |
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|
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Figure 7. Solutions of the master-slave systems (9) and (29) and error system (39).

Figure 8 complements these findings by showcasing the behavior of the Lyapunov function
L3(t). It highlights that L3(t) steadily approaches zero as t approaches t5 = 17.9432 s, reinforcing
the finite-time stability observed in the synchronization process.
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Ls(t)and G(t)

Figure 8. Estimation of the Lyapunov function £3(t) and G(t).

Together, these visual and numerical representations provide comprehensive evidence of the
finite-time synchronization achieved in the studied systems (9), (29), and (39), offering valuable
insights into their spatiotemporal dynamics and stability properties.

7. Conclusions

In this study, the Lengyel-Epstein reaction-diffusion system effectively models the
chlorite-iodide-malonic acid (CIMA) reaction, demonstrating the emergence of Turing
patterns within a bounded domain. We have established the existence of a unique solution

for this system, constrained by positive constants. The equilibrium point £* = (%, 1+ g—;)

serves as a finite-time stable equilibrium under specific conditions regarding the con-
centrations of the activator and inhibitor. The settling time associated with this stability
provides crucial insights into the dynamics of the system. This work lays the foundation
for further investigation into finite-time stability and synchronization in reaction-diffusion
systems, with potential implications in various fields such as biological pattern formation
and chemical processes.

The strategy for achieving finite-time synchronization in reaction-diffusion systems
aims to establish rapid coherence among spatially distributed components within a speci-
fied time frame. By implementing specific linear controllers and utilizing the Mittag-Leffler
function to quantify settling times, we demonstrate that the master-slave systems described
by Equations (9) and (29) can achieve stable synchronization within finite time intervals.
This synchronization is ensured by the designed control laws C; and C;, which drive the
error dynamics to zero as time approaches the respective settling times t* and t;. The
analytical framework, supported by Theorems 3 and 4, provides a rigorous basis for under-
standing and achieving finite-time synchronization in complex reaction-diffusion systems.

To validate our theoretical findings and demonstrate the practical efficacy of the
proposed approach, we conducted numerical simulations using MATLAB. Two distinct
scenarios were examined: the first involving a fractional-order nonlinear system and
the second focusing on a master-slave system with linear control. These simulations
confirmed the finite-time stability and synchronization of both systems, as anticipated by
our theoretical analyses. The graphical representations and numerical results presented in
Figures 1-8 provide compelling evidence of the systems’ behaviors over time and space,
illustrating their convergence to stable states within defined time frames. These findings
substantiate the applicability and robustness of the proposed methodologies in achieving
finite-time synchronization in complex dynamical systems.
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