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Abstract: This paper provides a new fractional boundary element method (BEM) solution for non-
linear nonlocal thermoelastic problems with anisotropic fibrous polymer nanoparticles. This com-
prehensive BEM solution comprises two solutions: the anisotropic fibrous polymer nanoparticles
problem solution and the nonlinear nonlocal thermoelasticity problem. The nonlinear nonlocal
thermoelasticity problem solution separates the displacement field into complimentary and specific
components. The overall displacement is obtained using the boundary element methodology, which
solves a Navier-type problem, and the specific displacement is derived using the local radial point
interpolation method (LRPIM). The new modified shift-splitting (NMSS) technique, which minimizes
memory and processing time requirements, was utilized to solve BEM-created linear systems. The
performance of NMSS was evaluated. The numerical results show how fractional and graded param-
eters influence the thermal stresses of nonlinear nonlocal thermoelastic issues involving anisotropic
fibrous polymer nanoparticles. The numerical findings further reveal that the BEM results correlate
very well with the finite element method (FEM) and analytical results, demonstrating the validity
and correctness of the proposed methodology.

Keywords: boundary element method; fractional order; size dependent; temperature dependent;
nonlinear nonlocal elasticity; anisotropic fibrous polymer nanomaterials

1. Introduction

In recent decades, discrete nanofibers of an anisotropic polymeric matrix created by
electrospinning have received a lot of attention in a variety of scientific and technical fields,
including thermal insulators, polymer acts, and other devices. The study focuses on the
challenges that arise when fractional thermal loading is applied to an anisotropic fiber
polymeric material. Because of their numerous real-world applications, fibrous polymer ma-
terials have received increased attention for thermal analysis. We are interested in stochastic
structures known as fractals, which can properly represent complex geometries or physical
processes. Certain parts of polymer nanocomposites can be described as “fractal-like” at
times. We are interested in the qualities that these structured polymeric materials exhibit
both naturally and when heated. The prospect of fractional thermoelasticity motivates
research into the thermal field of a built polymeric matrix (or future goods containing
nano-constituents) [1,2].

This comprehensive research is largely supported by the fact that stress fields or
stress components play a key role in the understanding of mechanical and thermal links in
composite materials. Many academics are interested in defining the dynamic response of
recent research materials and material properties at different scales. Thermoelastic behavior,
including thermal end effect analysis of emerging materials such as polymer micro- and
nanofibers, nanostructures, nanowires, and nanomaterials, because of mechanical and
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thermal loads, is a significant problem in emerging thermal mechanics that requires further
investigation. There are a few studies in the literature that look at the thermomechanical
and damping behavior of micro- and nanomaterials; however, they all rely on the local
theory notion [3,4].

In recent years, numerous researchers have focused on the effect of scale on nano-
materials’ mechanical and thermal properties. The size of the material at the nanoscale
has been discovered to have a considerable influence on its thermoelastic characteristics.
Nanoscale theories often use continuum mechanics, which assumes a local configuration
and includes continuous material properties and pointwise temperatures. As we know,
macroscopic material mechanics is ineffective for deformation, stress field, displacement
field, and thermal end effect analysis. In the case of very heterogeneous materials, Eshelby’s
technique, as stated in the fourth moment theory, is valid in the formation of phase material
stress, strain, and displacement fields [5,6].

Because of the greater surface energy, several anomalous events develop, particularly
in small nanomaterials on the scale of a nanometer. As a result, numerous thermome-
chanical properties of the constituent materials, as well as the efficiency of those materials,
have been extensively researched in several attempts to construct a nanomaterial. Among
its prospective applications, fibrous polymer nanoparticles are primarily intended for
soft tissue replacement, such as tendon and ligament tissue. This is simply owing to the
morphological resemblance in micro- and nanostructures of well-aligned collagen fibers
found in soft tissues. The incredible advancement of plastic surgery has resulted in an
increased demand for appropriate fiber-reinforced materials for soft tissue replacement.
For hard tissue (e.g., joint replacement), the utilization of long fibers (hydrogel and bone
scaffold), known as nanocomposites, has an advantage over current microsized fibers.
Fibrous polymer nanomaterials are largely used in hard and soft tissue replacements, as
well as in tissue engineering [7,8].

Nanomaterials differ from macroscale equivalents primarily in terms of critical dimen-
sions, which are often measured in nanometers. They have gained significant attention
for extending the degree of material nonlocality beyond the nanoscale to nanocomposite
materials. Because of the complex structure and properties of nanomaterials, the materials
that make up nanostructured materials have a nonlocal distribution and interact with the
materials’ boundary surfaces. In the nonlocal field, constitutive materials are represented by
a nonlocal damage known as the internal length. However, in the entire field, constitutive
materials are ignored, but their effects can still be described as a nonlocal field. As a result,
the materials of the nonlocal thermomaterial should be considered nonlocal thermosolids
to refine the fields of temperature and deformation using Eringen’s nonlocal model [9–11].
Soleiman et al. [12] examined the thermomechanical behaviour of functionally graded
nanoscale beams under the fractional heat transfer model using a two-parameter Mittag-
Leffler function. Fahmy proposed unique boundary element solutions to thermoelastic
nanostructure problems [13,14].

The examination of nonlocal problems of anisotropic fibrous polymer nanomaterials
with various boundary conditions includes several particularly interesting topics. The
current study introduces a novel mathematical model that is consistent with the non-
local thermoelasticity theory for describing the investigated anisotropic fibrous polymer
nanomaterials with surface stress and a small-scale parameter. The proposed model
may be used to supplement nonlocal continuum models for solely mechanical or thermal
boundary value concerns. Furthermore, the nonlocal issue of an anisotropic fibrous polymer
nanomaterial with mass diffusion is addressed. Finally, the nonlocal problem defining
the combined thermo-chemo-mechanical fuel stress, heat transfer, and mass diffusion
phenomenon is investigated using nonlocal completeness, with a focus on surface-stress
problems [15,16].

Boundary element analysis has grown in prominence as a useful method for dealing
with problems involving convoluted borders in complex geometries [17–20]. Extensive
research has focused on determining the dynamic behavior of various domain models
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and elastic or inelastic fractures in metallic, geometrically complex, anisotropic fibrous
polymeric materials using a variety of interfaces in a more accurate and cost-effective
manner by employing methods that allow for the use of available or easily inferred specific
boundary conditions. This paper investigates specific mixed boundary value problems
in a nonlocal anisotropic fibrous polymeric matrix. More broadly, for subsurface cosine-
material composites, we want to determine the mean values of several significant physical
fields in space and time that result from thermo-mechanical boundary value problems
connected to the generalized nonlocal couple stress theory. We are particularly interested in
the polymer-reinforced constituent porous materials with fractal-shaped microstructures,
as well as the interface’s defective nonhomogeneity and the nonuniform initial border
straightening of conflicts [21,22].

In this paper, we present a novel fractional boundary element solution for nonlinear
nonlocal thermoelastic problems employing anisotropic fibrous polymer nanomaterials.
This method consists of two steps. First, we handle the anisotropic fibrous polymer
nanoparticle problem. Second, we apply the solution of the anisotropic fibrous polymer
nanomaterial problem to the nonlinear nonlocal thermoelasticity equation. The numeri-
cal results show how fractional and graded parameters influence the thermal stresses of
anisotropic size- and temperature-dependent fibrous polymer nanomaterials, demonstrat-
ing the accuracy and validity of the proposed methodology.

Let us consider a fibrous polymer nanomaterial in the x1x2 − plane, occupying the
region V that is bounded by Γ. The governing equations of fractional size- and temperature-
dependent polymer problems of nonlinear nonlocal elasticity can be expressed as the
following [13,14]:

The force equilibrium equation:

∼
σij,j + Fi = 0 (1)

The fractional-order temperature-dependent heat equation:

Da
τΘ(x, τ) = ξ∇[λ(Θ)∇Θ(x, τ)] + ξQ(x, Θ, τ), ξ =

1
ρ(Θ)c(Θ)

(2)

where
∼
σij = (x + 1)m

(
σij + σij +

=
σij

)
, (3)

∼
σij,j = (x + 1)m

(
σij + σij +

=
σij

)
,j
+

m
x + 1

∼
σ ji, (4)

σij = σ(ij) + σ[ij] (5)

σ(ij) = Cijkl
(
εkkδij + εij − αΘδij

)
, (6)

σ[ji] = −M[i,j], σ[21] = −σ[12] = −M[1,2], (7)

σij = ckBΘ
(

εij
2 − 1/εij

)
(8)

=
σij(x) = Cijkl

∫
Ω

s
(
x, x′

)
εkl

(
x′
)
dv

(
x′
)

(9)

2. Numerical Solution

In this section, we will determine the general fractional BEM solution to our studied
problem, which is composed of the sum of the polymer thermoelastic solution, fractional
size- and temperature-dependent solution, and nonlinear nonlocal elasticity solution.

2.1. Polymer Thermoelastic Solution (PTES)

Polymer thermoelasticity refers to the study of the mechanical behavior of polymers
under the influence of temperature variations. This phenomenon is critical in various appli-
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cations such as in the design of smart materials and in the manufacturing of polymer-based
products. Understanding how these thermodynamic properties influence the thermoelastic
behavior of polymers is essential for their effective utilization in practical applications.

In this subsection, we analyze the mechanical deformation of a fibrous polymer
nanomaterial of nonlinear nonlocal thermoelasticity, which is shown in Figure 1, where
end-to-end vector R connects the start to the end of the chain.

Computation 2024, 12, x FOR PEER REVIEW 4 of 18 
 

 

2.1. Polymer Thermoelastic Solution (PTES) 
Polymer thermoelasticity refers to the study of the mechanical behavior of polymers 

under the influence of temperature variations. This phenomenon is critical in various ap-
plications such as in the design of smart materials and in the manufacturing of polymer-
based products. Understanding how these thermodynamic properties influence the ther-
moelastic behavior of polymers is essential for their effective utilization in practical appli-
cations.  

In this subsection, we analyze the mechanical deformation of a fibrous polymer na-
nomaterial of nonlinear nonlocal thermoelasticity, which is shown in Figure 1, where end-
to-end vector R connects the start to the end of the chain. 

 
Figure 1. Polymer chain�s elasticity configuration of 𝑁 Kuhn segments of length 𝑏, with end-to-
end vector 𝑅, and contour length 𝐿 = 𝑁𝑏. 

 
The polymer�s energy in terms of the end-to-end vector is the following [23]: 𝜓(𝑅) = ൬3𝑘஻𝜃2𝑁𝑏ଶ൰ 𝑅ଶ (10)

which can be expressed as 𝑓(𝑅) = 𝜕𝜓𝜕𝑅 = ൬3𝑘஻𝜃𝑁𝑏ଶ ൰ 𝑅 (11)

The constitutive equation for polymer elasticity is the following [23]: 𝜎ത௝௜ = 𝜌𝑘஻𝜃(𝜇 − 𝐼), (12)𝜇 = 𝐹𝐹் (13)

where 

𝐹 = ൥1 𝛾 00 1 00 0 1൩ (14)

and 

𝜎ത௝௜ = 𝑐̅𝑘஻𝜃 ൥𝛾ଶ 𝛾 0𝛾 0 00 0 1൩ + ൥𝑝 0 00 𝑝 00 0 𝑝൩ (15)

Thus, from Equation (7), we can calculate the displacement, which is a polymer ther-
moelastic solution 𝑢୔୘୉ୗ from strain 𝜀௜௝.  

2.2. Fractional Size- and Temperature-Dependent Solution (FSTDS) 
Size-dependent phenomena refer to the changes in the properties of materials as their 

size is altered, whether at the macroscopic, microscopic, or nanoscopic level. On the other 
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vector R, and contour length L = Nb.

The polymer’s energy in terms of the end-to-end vector is the following [23]:

ψ(R) =
(

3kBθ

2Nb2

)
R2 (10)

which can be expressed as

f (R) =
∂ψ

∂R
=

(
3kBθ

Nb2

)
R (11)

The constitutive equation for polymer elasticity is the following [23]:

σji = ρkBθ(µ − I), (12)

µ = FFT (13)

where

F =

1 γ 0
0 1 0
0 0 1

 (14)

and

σji = ckBθ

γ2 γ 0
γ 0 0
0 0 1

+

p 0 0
0 p 0
0 0 p

 (15)

Thus, from Equation (7), we can calculate the displacement, which is a polymer
thermoelastic solution uPTES from strain εij.

2.2. Fractional Size- and Temperature-Dependent Solution (FSTDS)

Size-dependent phenomena refer to the changes in the properties of materials as their
size is altered, whether at the macroscopic, microscopic, or nanoscopic level. On the other
hand, temperature-dependent phenomena encompass the alterations in material properties
as a result of changes in temperature. The significance of studying these phenomena lies
in their profound implications for the design, fabrication, and application of materials in
diverse industries, including electronics, healthcare, energy, and transportation.

The couple stress, force traction, and couple traction are the following [13]:

Mi =
1
2

eijk Mkj = −8µl2ki, l2 =
η

µ
(16)
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ti = σjinj = Cijkl

(
εkkδij + εij + l2eij∇2Ω − αθδij

)
nj (17)

m = ejiµinj = 4µl2 ∂Ω
∂n

(18)

in which
ki = eijk3j =

1
2

eijΩ,j, (19)

Ω = Ω3 =
1
2
(u2,1 − u1,2) =

1
2

eijuj,i, (20)

εij =
1
2
(
ui,j + uj,i

)
. (21)

ni = eij
dxj

dΓ
, (e12 = −e21 = 1, e11 = e22 = 0) (22)

The considered boundary conditions are

Θ = Θ on ΓΘ (23)

q = q on Γq, ΓΘ ∪ Γq = Γ, ΓΘ ∩ Γq = ∅ (24)

ui = ui on Γu (25)

ti = ti on Γt, Γu ∪ Γt = Γ, Γu ∩ Γt = ∅ (26)

Ω = Ω on ΓΩ (27)

m =
=
m on Γm, ΓΩ ∪ Γm = Γ, ΓΩ ∩ Γm = ∅ (28)

The governing Equations (1) and (2) can be expressed as [13,14]

Cijkl

(
uj,ji +

(
1 + l2∇2

)
uj,ji +

(
1 − l2∇2

)
∇2ui − αθ,i

)
+ Fi = 0 (29)

Da
τθ f+1 + Da

τθ f ≈
k

∑
J=0

Wa,J

(
θ f+1−J(x)− θ f−J(x)

)
(30)

In which

Wa,0 =
(∆τ)−a

Γ(2 − a)
and Wa,J = Wa,0

(
(J + 1)1−a − (J − 1)1−a

)
(31)

According to [14], Equation (2) yields

∇2θ(x, τ) +
1

λ0
hNl

(
x, θ,

.
θ, τ

)
=

ρ0c0

λ0

∂θ(x, τ)
∂τ

(32)

in which

Nl
(

x, θ,
.
θ
)
=

[
ρ(θ)c(θ)

λ(θ)
− ρ0c0

λ0

]
.
θ (33)

hNl

(
x, θ,

.
θ, τ

)
= h(x, θ, τ)−

[
λ0

λ(θ)
ρ(θ)c(θ)− ρ0c0

]
.
θ (34)

The integral equation corresponding to (32) can be defined as [13]

(P)θ(P, τn+1) + a0
∫

Γ

∫ τn+1
τn

θ(Q, τ)q*(P, τn+1; Q, τ)dτdΓ

= a0
∫

Γ

∫ τn+1
τn

q(Q, τ)θ*(P, τn+1; Q, τ)dτdΓ

+ a0
λ0

∫
Ω

∫ τn+1
τn

hNl

(
Q, θ,

.
θ, τ

)
θ*(P, τn+1; Q, τ)dτdΩ

+
∫

Ω θ(Q, τn)θ*(P, τn+1; Q, τ)dΩ, a0 = λ0
ρ0c0

(35)
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To solve the domain integrals in Equation (35), we used the same process as Fahmy [14]
and the techniques from [24,25] to obtain the following system:[

B
]{

uFSTDS
}
−

[
U
]{

t
}
= {0} (36)

According to [14], that can also be expressed as

A uFSTDS = B (37)

Thus, we obtain the fractional size- and temperature-dependent solution uFSTDS.

2.3. Nonlinear Nonlocal Elasticity Solution (NNES)

Nonlinear nonlocal elasticity deals with the mechanical behavior of materials that
cannot be accurately described by linear elasticity theory. Instead, it takes into account
nonlocal effects, meaning that the deformation at a point is influenced by the state of stress
and strain at all other points in the material. This contrasts with classical elasticity, which
assumes that the state of stress at a point is only influenced by the deformation in the
immediate vicinity.

According to Eringen’s nonlocal elasticity model, we consider the stress–strain rela-
tion (8) and the attenuation function s(x, x′) of Lazar et al. [26] with the following properties:

(I) The nonlocal kernel must depend on the internal length;

(II) s(x, x′) =
{

max s(x, x′) at x = x′

0 at x → ∞
;

(II) It should satisfy
∫

Ω∞
s(x, x′)dv(x′) = 1, Ω ⊆ Ω∞.

Also, s(x, x′) → Dirac delta function at l → 0 (local elasticity).
The following attenuation function is used in this paper:

s
(

x, x′
)
=

(
8πl3

)−1
exp

(
−|x′ − x|

l

)
(38)

such that ∫
Ω f

s
(

x, x′
)
dv

(
x′
)
≈ 1 (39)

where R = 9l, |x′ − x| ≥ R.
According to Polizzotto et al. [27], a stress–strain relation can be expressed as the following:

=
σij(x) = Cijkl Rkl(ε) (40)

where
Rkl(ε) = [1 − γ(x)]εkl(x) +

∫
Ω f

s
(
x, x′

)
εkl

(
x′
)
dv

(
x′
)

and
γ(x) =

∫
Ω f

s
(
x, x′

)
dv

(
x′
)
, 0 ≤ γ(x) ≤ 1

The local governing equation can be expressed as the following:

=
σij,j = 0 (41)

Equation (40) can be expressed as the following:

=
σij(x) = Cijklεkl(x) + CijklQkl(ε) (42)

with Qkl(ε) = Rkl(ε)− εkl .
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The field Equation (41) is written as the following:

∂

∂xj

(
Cijklεkl

)
+

∂

∂xj

(
CijklQkl(ε)

)
= 0 (43)

Liu and Gu [28] suggested a weak-strong form point collocation method for solving
Equation (43). In addition, Schwartz et al. [29] presented the strong-form local radial point
interpolation method (LRPIM) for solving Equation (43). This work introduces a BEM
based on the strong-form LRPIM.

A nonlinear nonlocal elasticity displacement solution uNNES is created by adding a
complementary displacement uc and a particular displacement uP. Thus, from Equation (43),
we obtain the following:

∂

∂xj

(
Cijklε

c
kl

)
= 0 (44)

∂

∂xj

(
Cijklε

p
kl

)
+

∂

∂xj

(
CijklQkl(ε)

)
= 0 (45)

To obtain a complementary solution uc
i , Equation (44) has been written in the following

form [30]:
[H]{uc} = [G]{tc} (46)

According to the local radial point interpolation of Liu and Gu [31], the kinematical
field Vk can be interpolated as follows:

Vh
k (x) =

N

∑
i=1

Ri(r)aki +
M

∑
j=1

Pj(x)bkj (47)

where
N

∑
i=1

Pj(xi)aki = 0 (j = 1 to M) (48)

where {
Vk/L

0

}
=

[
R P

PT 0

]{
ak
bk

}
(49)

{Vk/L} =
(

V1
1 V1

2 V1
3 . . . VN

1 VN
2 VN

3
)

(50)

{bk} =
(
[P]T [R]−1[P]

)−1
[P]T [R]−1

{
Vk

L

}
= [Fb]

{
Vk

L

}
(51)

and
{ak} = [R]−1([I]− [P][Fb])

{
Vk

L

}
= [Fa]

{
Vk

L

}
(52)

Approximation (47) is now written as the following [29]:

Vh
k (x) =

[
R1 R2 · · · RN

]
[Fa]

{
Vk

L

}
+

[
P1 P2 · · · PM

]
[Fb]

{
Vk

L

}
(53)

or
Vh

k (x) = [Φ(x)]
{

Vk
L

}
(54)

By using interpolation (54), Equation (45) has been written as the following:[
Qup

]{
up

/L

}
+ [Qu]{u/L} = {0} (55)

which can be written as the following:

[
QIB

up QI I
up

]{up
B

up
I

}
+

[
QIB

u QI I
u

]{ uB
uI

}
= {0} (56)
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Now, to obtain a particular solution, we assume that
{

uP
B
}
= 0; thus, we have the following:

[
QI I

up

]{
up

I

}
+

[
QIB

u QI I
u

]{ uB
uI

}
= {0} (57)

The boundary traction can be expressed more compactly as the following [29]:

ti(x) = tc
i (x) + tp

i (x) + δti(x) (58)

where
{tp} =

[
KBI

tp

]{
up

I

}
(59)

{δt} =
[

KBB
δt KBI

δt
]{ uB

uI

}
= [Kδt]{u} (60)

Now, Equation (46) can be rewritten as the following [29]:

[H]{u} − [G]{t} = [H]{up} − [G]{tp + δt} (61)

By using Equations (57), (59), and (60), we have the following final BEM equation:[
H̃
]{

uNNES
}
− [G]{t} = {0} (62)

The nonlinear nonlocal elasticity solution uNNES is obtained by adding the comple-
mentary solution and particular solution together.

Hence, from Equations (7), (35), and (62), we obtain general solution u(GS) of the
considered problem as follows:

u(GS) = uPTES + uFSTDS + uNNES (63)

where the general solution u(GS) of our considered problem is constructed as the sum of
the following three solutions: polymer thermoelastic solution uPTES, fractional size- and
temperature-dependent solution uFSTDS, and nonlinear nonlocal elasticity solution uNNES.
The new modified shift-splitting (NMSS) [32] technique was used to solve the resulting
linear Equations (7), (35), and (62) arising from BEM.

3. Numerical Results and Discussion

This study considered the generalized radial basis functions Ri(r) =
(
r2 + c2)q and

r = |x − xi| with the anisotropy constant of magnetite nanoparticles given in [33] and
the following parameters: α = 0.000011, σ0 = 250 MPa, and H = 0.05E. This study
considered the computational domain, which has 40 boundary nodes and 90 internal nodes
as illustrated in Figure 2.
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The proposed methodology is applicable to a wide range of fibrous polymer nano-
material issues, including nonlinear nonlocal elasticity. The numerical results demon-
strate the computational performance of the proposed methodology, as shown in Tables 
1 and 2 below. The new modified shift-splitting (NMSS) technique [32] was applied to 
reduce memory and processing time requirements. Figures depict the numerical results, 
which highlight the effects of fractional and graded parameters on the thermal stresses of 
anisotropic fractional size and temperature-dependent fibrous polymer nanomaterials 
with nonlinear nonlocal elasticity. 

Table 1 illustrates the CPU time and iteration number for new modified shift-splitting 
(NMSS) [32], generalized modified shift-splitting (GMSS) [34], and regularized [35] itera-
tive methods at every discretization level, where the number of the equation is repre-
sented between parentheses. This table demonstrates the superiority of the NMSS over 
the regularized and GMSS approaches. 

Table 1. CPU timings and iteration counts for regularized, GMSS, and NMSS models. 

  Regularized GMSS NMSS 

Discretization Level Preconditioning Level CPU 
Time 

Iteration 
Number 

CPU 
Time 

Iteration 
Number CPU Time Iteration 

Number 
1 (34) 0 0.08 6 0.06 6 0.04 6 
2 (68) 0 0.24 7 0.20 7 0.16 7 

Figure 2. Boundary element model.
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This study also considered the reinforcing factors α, β, and (µL − µT), as well as the
following anisotropic fibrous behavior:

cijkluk,l = Jλεkkδij + 2µTεij + α
(
akamεkmδij + aiajεkk

)
+2(µL − µT)

(
aiakεkj + ajakεki

)
+ βakamεkmaiaj K,

(i, j, k, m = 1, 2, 3), a ≡ (a1, a2, a3), a2
1 + a2

2 + a2
3

(64)

The proposed methodology is applicable to a wide range of fibrous polymer nanoma-
terial issues, including nonlinear nonlocal elasticity. The numerical results demonstrate the
computational performance of the proposed methodology, as shown in Tables 1 and 2 below.
The new modified shift-splitting (NMSS) technique [32] was applied to reduce memory
and processing time requirements. Figures depict the numerical results, which highlight
the effects of fractional and graded parameters on the thermal stresses of anisotropic frac-
tional size and temperature-dependent fibrous polymer nanomaterials with nonlinear
nonlocal elasticity.

Table 1 illustrates the CPU time and iteration number for new modified shift-splitting
(NMSS) [32], generalized modified shift-splitting (GMSS) [34], and regularized [35] iterative
methods at every discretization level, where the number of the equation is represented
between parentheses. This table demonstrates the superiority of the NMSS over the
regularized and GMSS approaches.

Table 1. CPU timings and iteration counts for regularized, GMSS, and NMSS models.

Regularized GMSS NMSS

Discretization
Level

Preconditioning
Level

CPU
Time

Iteration
Number

CPU
Time

Iteration
Number

CPU
Time

Iteration
Number

1 (34) 0 0.08 6 0.06 6 0.04 6
2 (68) 0 0.24 7 0.20 7 0.16 7

1 0.20 5 0.16 5 0.12 5
3 (136) 0 0.64 14 0.54 12 0.42 10

1 0.56 10 0.46 8 0.34 6
2 0.48 8 0.38 6 0.26 4

4 (272) 0 2.58 16 2.46 14 1.88 12
1 2.38 12 2.24 10 1.56 8
2 2.12 10 1.92 8 1.42 6
3 1.96 8 1.76 6 1.36 3

5 (544) 0 12.48 22 10.26 20 7.82 16
1 11.28 19 9.84 17 6.98 14
2 10.48 17 9.42 14 6.15 12
3 9.46 14 8.96 11 5.94 10
4 8.96 11 8.42 9 5.24 7

6 (1088) 0 50.26 24 44.46 22 38.40 18
1 46.48 21 40.48 18 34.64 15
2 42.48 17 36.26 15 30.24 13
3 38.64 15 32.48 13 26.56 11
4 34.86 13 28.86 11 22.32 9
5 30.64 11 24.64 9 18.84 3

Figure 3 depicts the fluctuation of thermal stress
∼
σ11 along the x-axis for various

fractional order parameters (α = 0.4, 0.7, and 1.0). This figure demonstrates that when the
fractional order parameter increases, the thermal stress

∼
σ11 decreases.

Figure 4 depicts the fluctuation of thermal stress
∼
σ12 along the x-axis for various

fractional order parameters (α = 0.4, 0.7, and 1.0). This figure demonstrates that when the
fractional order parameter increases, the thermal stress

∼
σ12 increases.
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Figure 5 depicts the fluctuation of thermal stress
∼
σ22 along the x-axis for various

fractional order parameters (α = 0.4, 0.7, and 1.0). This figure demonstrates that when the
fractional order parameter increases, the thermal stress

∼
σ22 decreases.
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Figure 6 depicts the fluctuation of thermal stress
∼
σ11 along the x-axis for various

fractional order parameters (m = 0.4, 0.7, and 1.0). This figure demonstrates that when
the functionally graded parameter m increases, the thermal stress

∼
σ11 decreases.

Figure 7 depicts the fluctuation of thermal stress
∼
σ12 along the x-axis for various

fractional order parameters (m = 0.4, 0.7, and 1.0). This figure demonstrates that when
the functionally graded parameter m increases, the thermal stress

∼
σ12 decreases.

Figure 8 depicts the fluctuation of thermal stress
∼
σ22 along the x-axis for various

fractional order parameters (m = 0.4, 0.7, and 1.0). This figure demonstrates that when
the functionally graded parameter m increases, the thermal stress

∼
σ22 increases.
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The current BEM approach strategy’s validity and accuracy have not been shown by
any published data. However, in the context of this current broad investigation, some
works can be considered special cases.

Figures 9–11 display the change in special case thermal stresses
∼
σ11,

∼
σ12, and

∼
σ22 along

the x-axis for the suggested BEM, finite element method (FEM) of Sidhardh et al. [36], and
analytical (Analytical) solution of Kumar and Mukhopadhyay [37], which are some special
cases of our study. These figures show that the BEM results of the proposed technique match
well with the FEM and Analytical results, validating the technique’s validity and accuracy.
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Table 2 compares computer resources needed to model nonlinear nonlocal thermoelas-
tic problems of anisotropic fibrous polymer nanomaterials for current BEM and the finite
element method (FEM). This table shows the effectiveness of our suggested BEM technique.

Table 2. A comparison of the computational resources needed to model nonlinear nonlocal thermoe-
lastic problems of anisotropic fibrous polymer nanomaterials.

BEM FEM

Number of nodes 60 40,000
Number of elements 25 14,000

CPU time [min.] 3 140
Memory [Mbyte] 1 120

Disc space [Mbyte] 0 180
Accuracy of results [%] 1.2 2.2
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4. Conclusions

Some of the inferences that can be drawn from the current study are as follows:

1. A new fractional boundary element model was used to solve the nonlinear nonlo-
cal size- and temperature-dependent thermoelastic problems of anisotropic fibrous
polymer nanomaterials.

2. Th proposed BEM technique was used first to solve the anisotropic fibrous polymer
nanoparticle problem. Then, we used the solution of the anisotropic fibrous polymer
nanomaterial problem to solve the nonlinear nonlocal thermoelasticity problem.

3. The nonlocal elastic technique separates the displacement field into a complementary
component and a particular component.

4. The overall displacement is obtained using the boundary element technique, which
solves a Navier-type problem, whereas the individual displacement is derived using
local radial points.

5. The new modified shift-splitting (NMSS) technique which reduces memory and
processing time requirements was used to solve linear systems created by BEM.

6. The numerical findings were depicted graphically to display the influences of the
fractional and graded parameters on the thermal stresses of anisotropic fibrous poly-
mer nanomaterials.

7. The numerical findings also show the differences between the regularized, generalized
modified shift-splitting, and new modified shift-splitting iterative methods, and they
verified the validity, accuracy, and effectiveness of the developed fractional boundary
element technique.

8. The main advantages of the current HBEM model are its generality and simplicity.
The numerical findings supported the claim that the proposed method offers more
advantages than other domain discretization techniques.

9. A comparison of the computational resources needed to solve nonlinear nonlocal
thermoelastic problems of anisotropic fibrous polymer nanomaterials was performed
for current fractional BEM and the finite element method (FEM).

10. The findings of this paper contribute to the development of mathematical models that
can be applied in food packaging, phones, soda and water bottles, films, agriculture,
biomedical devices, coating, paints, blending, airplanes, textile fibers, the automotive
industry, consumer goods, industrial, recreational vehicles, effective actuators, fluo-
rescence imaging, photodynamic therapy, hydrogels, electronic devices, engineering
resins and polyolefins, and computers, among others.

11. In future work, we suggest expanding the boundary element technique proposed
in this research for applications in three-dimensional thermoelastic problems of
anisotropic fibrous polymer nanomaterials, which include multilayer difficulties,
complex geometries, and the inclusion of convective factors.
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Nomenclature
A Thermal expansion kij Pseudo mean curvature tensor
Γ Thermal shear strain l Internal length of considered material
Γ Boundary m Couple traction
δαβ Kronecker delta function M Monomials number
εij Strain tensor Mi True couple-stress vector
η Couple stress parameter Mij Pseudo couple-stress tensor
σ0 Yield stress m Functionally graded parameter
σαβ Total force-stress tensor n Outward unit normal vector
σ(αβ) Symmetric force-stress tensor N Nodes number
σ[αβ] Skew-symmetric force-stress tensor P Pressure
Ω Rotation p∗ Point couple kernel function
Ωf Spherical region Pj(x) Monomials
c&q Shape parameters Q External heat source
c Heat capacity r Euclidian distance
c* Point force kernel function R Radius of spherical region
Cijkl Fourth-order constant stiffness tensor Ri(r) =

(
r2 + c2)q Radial basis function

E Young’s modulus Tmi Traction
Fi Body force vector u Displacement vector
H Strain hardening Umi Kelvin fundamental solution
I Identity tensor v Poisson’s ratio
kB Boltzmann’s constant x Evaluation point
ki Mean curvature vector xi Center point

x′ Field point
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