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Abstract: A well-researched field is the development of Computer Aided Diagnosis (CADx) Systems
for the benign-malignant classification of abnormalities detected by mammography. Due to the nature
of the breast parenchyma, there are significant uncertainties about the shape and geometry of the
abnormalities that may lead to an inaccurate diagnosis. These same uncertainties give mammograms
a fuzzy character that is essential to the application of fuzzy processing. Fuzzy set theory considers
uncertainty in the form of a membership function, and therefore fuzzy sets can process imperfect data
if this imperfection originates from vagueness and ambiguity rather than randomness. Fuzzy contrast
enhancement can improve edge detection and, by extension, the quality of related classification
features. In this paper, classical (Linguistic hedges and fuzzy enhancement functions), advanced
fuzzy sets (Intuitionistic fuzzy set (IFS), Pythagorean fuzzy set (PFS), and Fermatean fuzzy sets (FFS)),
and a Genetic Algorithm optimizer are proposed to enhance the contrast of mammographic features.
The advanced fuzzy sets provide better information on the uncertainty of the membership function.
As a result, the intuitionistic method had the best overall performance, but most of the techniques
could be used efficiently, depending on the problem that needed to be solved. Linguistic methods
could provide a more manageable way of spreading the histogram, revealing more extreme values
than the conventional methods. A fusion technique of the enhanced mammography images with
Ordered Weighted Average operators (OWA) achieves a good-quality final image.

Keywords: advanced fuzzy sets; linguistic hedges; intuitionist fuzzy set; pythagorean fuzzy set;
fermatean fuzzy set; genetic algorithm; contrast enhancement; mammography images; OWA operators;
image fusion; multi-fuzzy set

1. Introduction

Breast cancer has preoccupied scientists for many years because of the worrisome
statistics that arise. Globally, 1 in every 6 women, or 16%, who have breast cancer died
in 2020 [1] (p. 15). In the United States, for the years 2017–2019, women have a lifetime
probability of 12.9%, or 1 in every 8 women to develop invasive breast cancer [2] (p. 23).
This creates the urge to develop and improve systems that can help physicians accurately
and consistently identify features linked to invasive breast cancer at an initial stage. The
importance of Decision Support Systems (DSS) in the health field has become crucial.
Computer Aided Diagnosis (CADx) is part of the DSS and supports physicians in the
accurate classification of mammographic findings, with promising results to date.

Medical images are inherently noisy and blurry due to the physical properties of the
imaging devices. Edges and outlines of mammographic features have additional blurring
due to the nature of the parenchyma [3–7]. Accurate diagnosis requires that physicians have
a good knowledge of the diverse appearance of pathology on the images. Noise and blur
distort the appearance of pathology and lead to misclassification. Contrast enhancement
techniques could improve contrast, restore pathological features, and, hence, assist in
accurate diagnostic decisions [4,5,7,8].
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There are many contrast enhancement methods, and the most common is histogram
equalization, which maps the spatial histogram of the image to a uniform distribution.
Histogram equalization suffers from enhancing the image globally and not locally. Other
methods include gray level and Fourier transform coefficient modification. Unfortunately,
medical images have uncertainties and noise that prevent optimum application of these
methods [3,5–7,9]. Mathematical tools such as fuzzy sets could provide a better approach to
medical image enhancement since they take into consideration the already fuzzy character
of the image. Fuzzy sets have attracted attention in image processing because they are
non-linear and based on knowledge. There are fuzzy techniques that manage noisy and
vague data and can perform better than the classic methods. They have as parameters a
membership degree, a non-membership that is not the complement of the membership, and
a hesitation degree. These degrees result in an enhancement method that is closer to aspects
of human decision-making [5–7] (p. 88). The main purpose of enhancing the contrast of
an image is to improve the contrast overall and locally, create an image more suitable for
physician observation or computer processing, improve its visual effect, and avoid noise
amplification. It creates an image that obtains better results in further processing [8].

Some related articles on contrast enhancement are going to be discussed. Sankar et al. [4]
proposed a technique where they used three stages to reach the final enhanced image. It
consisted of two enhancement stages and one smoothing stage. First, a linguistic hedge
enhanced the image; after that, the enhanced image was smoothed by many techniques that
they proposed; and finally, the image was enhanced again. Chaira [5] analyzed the ways of
enhancing medical images with IFS and using Type II fuzzy sets. Furthermore, Chaira [6]
proposed the enhancement of medical images using an alternative intuitionistic fuzzy
generator. The parameters in the image were optimized by using fuzzy entropy and then an
additional linguistic hedge to improve the enhancement. Deng et al. [7] suggested a method
that first applies a membership function using the restricted equivalence function, divides
the image into sub-objects and sub-backgrounds, and then implements a fuzzification,
hyperbolization, and defuzzification operation on each sub-area, claiming that the visual
quality of the region of interest is significantly improved. A general overview of basic fuzzy
image enhancement was analyzed by Tizhoosh [3], where he presented minimization of
fuzziness, rule-based contrast enhancement, and locally adaptive contrast improvement.
Image fusion is a method that is widely applied in computer vision and medical science [10].
Medical image fusion is a high-level research topic in the field of mammography [11]. Image
fusion has been applied in the papers [12–14], and they have studied image segmentation,
colored and grayscaled medical images, and multimodal medical images. Tang et al. [15]
proposed an image enhancement technique that is based on the wavelet domain and tested
it objectively with a performance indicator and subjectively using the opinions of medical
experts. Da Silva et al. [16] developed methods for improving ultrasound images and
classified them as benign, malignant, and normal. The performance of the techniques was
measured by multiple performance indicators.

Mass pathology detection at mammograms refers to detecting whether a breast mass
is malignant or benign. Mammograms are images with different shades of gray. Each pixel
gives the perspective of the X-ray absorption from the tissue. The bigger the absorption
is, proportionally, the bigger the index of the pixel. The intention is to enhance the pixels
that have a high index, which means the tissue with components that absorb the X-rays the
most. This happens because the information about a mass can be found in the high pixels.
This area of pixel values is interesting even if a DSS is specialized in detecting malignant
and benign micro-calcifications. Micro-calcifications also have interesting information at
high pixel levels. In the case of this article, it is a challenge to identify a mass in cases of
dense breasts because it blends in with the tissue that surrounds it. Dense masses have
higher density tissue than a usual breast, and because of that, the absorption is bigger, so,
consequently, the index of the pixel will be bigger. The identification of a mass in a dense
breast is more difficult, and the values of the pixels cannot be separated easily. This is
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why ultrasound is used in dense breasts in order to find masses that are not at an early
stage [17].

Techniques for image enhancement can be focused on the spatial and frequency
domains of the image [18]. In this work, contrast enhancement in the spatial domain is
based on advanced fuzzy sets, OWA operators, and genetic algorithms (GA). The sequence
of applied methods is:

• Linguistic hedges (LH)
• Fuzzy enhancement function [19] (LH-XWW)
• Advanced fuzzy sets (IFS, PFS, and FFS)
• OWA aggregation for image fusion
• GA to optimize parameters.

LH are classical membership functions that can be adjusted by changing the constants
of the functions. The LH-XWW with parameters α, β, γ, is based on an initial linguistic
hedge and then on a function that contains the three parameters. These two methods can
provide a plethora of images by changing their constants.

Image enhancement employs a variety of membership and non-membership functions,
such as IFS, PFS, and FFS.

The different contrast enhancement images are combined using multi-fuzzy sets and
the OWA aggregation function for a final fused image.

This paper is organized as follows. Section 2 outlines the preliminaries of the lowpass
filter, fuzzy sets, linguistic hedges, linguistic function, intuitionistic, pythagorean, and
fermatean fuzzy sets, GA optimizer, and OWA operators. It also contains the mathematical
formulas for them, the evaluation indicators, and the origin of the mammography images.
Section 3 discusses the experimental results. Finally, the discussion of this paper is given in
Section 4.

2. Materials and Methods
2.1. Preliminaries
2.1.1. Low-Pass Filter

A preprocessing step is necessary for creating a smoother image than the original
that will be used as input to the enhancement algorithm. A lowpass filter is often used
for preprocessing. The most common low-pass filter in the spatial domain is the median
filter, where a pixel is replaced by the median of the neighboring pixels and itself. This
is an effective non-linear filter that allows denoising while preventing edge blurriness
that a linear low-pass filter would create [20–23]. In this paper, a median filter is used for
preprocessing that gathers the pixels from a 5× 5 window and replaces the central pixel
with the median.

2.1.2. Fuzzy Sets

According to Zadeh [24,25], fuzzy Logic aims at fuzzifying an initial state into another
region of numbers. Having a non-empty set S = {s1, s2, . . . , sn } and defining a fuzzy set:

A = { (s, µA(s))|s ∈ S} (1)

where µA(s) : S→ [0, 1] is the degree of membership of s in S.

2.1.3. Linguistic Hedges

Fuzzy sets start with the fuzzification of the initial image. In our case, the fuzzified
image is the one that has been through the low-pass filter. The fuzzification is being
completed by the following function:

µA(g(i, j)) =
g(i, j)− gmin
gmax − gmin

(2)
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where g is an element from the gray scale image A at the i row and j column. gmin and gmax
are the minimum and maximum elements of the image A [3].

The linguistic hedges are applied to the fuzzified output of the low-pass filter. There are
three types of linguistic hedges that are going to be discussed. CON from concentration, DIL
from dilation, and INT from intensification [4,26,27]. Their mathematical representations
are as follows:

µCON(X)(u) = (µX(u))
2 (3)

µDIL(X)(u) = (µX(u))
0.5 (4)

µINT(X)(u) =

{
2(µX(u))

2 i f 0 ≤ µX(u) ≤ 0.5
1− 2(1− µX(u))

2 i f 0.5 < µX(u) ≤ 1
(5)

We can also use different exponents for CON and DIL so we can achieve a more intense
result. For example:

µCON′(X)(u) = (µX(u))
1.5 (6)

µDIL′(X)(u) = (µX(u))
0.25 (7)

Generally, DIL makes an image brighter, concentrating the higher values of the pixels
and spreading the lower values. On the other hand, CON concentrates the lower values
and spreads the higher values.

2.1.4. Linguistic Hedge Xie, Wang, Wu

Xie et al. [19] proposed an additional function that is going to be applied to the already
fuzzified and processed image. The crucial part is the additional formula that we are going
to use on the CON linguistic hedge.

Firstly, the image is fuzzified and then processed with CON. Furthermore, the follow-
ing linguistic hedge proposed by Xie, Wang, and Wu (LH-XWW) is applied:

µXWW(u) =


[µX(u)]

α

γα−1 i f 0 ≤ µX(u) ≤ γ

1− (1−µX(u))
β

(1−γ)β−1 i f γ < µX(u) ≤ 1
(8)

where α ≥ 1 and β ≥ 1 indicate the magnitude of enhancing pixel values in the edge area
and reducing those in the smooth are respectively, and 0 < γ < 1.

2.1.5. Intuitionistic Fuzzy Sets

Atanassov introduced a new way of expressing fuzzy sets called intuitionistic fuzzy
sets [28]. The base of this theory is to create member and non-member functions that relate
to each other. An IFS of A in S is:

A = { (s, µA(s), vA(s))|s ∈ S} (9)

where µA(s)→ [0, 1] , vA(s)→ [0, 1] is the belongingness and non-belongingness degrees
of an s in the set of A. The condition 0 ≤ µA(s) + vA(s) ≤ 1 where non-belongingness is
vA(s) = (1− µA(s)

β)1/β according to Yager, for every s in A.
Another parameter is the degree of indeterminacy: πA(s) = 1− µA(s)− vA(s).

2.1.6. Pythagorean Fuzzy Sets

As IFS, Yager proposed the PFS, where they also have membership, non-membership,
and a different indeterminacy. Membership µ expresses the foreground of the grayscale
image, non-membership ν the background, and indeterminacy π the edges. These ex-
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pressions have to be obtained by executing the functions µ, ν, and π. µP(s)→ [0, 1] and
vP(s)→ [0, 1] are the membership and non-membership, respectively [26,29]. The PFS is:

P = { (s, µP(s), vP(s))|s ∈ S} (10)

Indeterminacy at PFS is defined as πP =

√
1− (µP(s))

2 − (vP(s))
2
.

2.1.7. Fermatean Fuzzy Sets

An FFS can be defined as IFS and PFS but with a different indeterminacy. µF(s)→ [0, 1]
and vF(s)→ [0, 1] are the membership and non-membership respectively [29]. The inde-

terminacy is πF =
3
√

1− (µF(s))
3 − (vF(s))

3
.

2.1.8. Multi-Fuzzy Sets

A multi-fuzzy set of dimension n > 2 over a finite universe U is defined by a
mapping A : U → [0, 1]n given by A(u) = (A1(u), A2(u), . . . , An(u)) where each of the
Aj for j− 1,2, . . . , n is a mapping Aj : U → [0, 1] .

2.1.9. GA Optimizer

According to Shabani et al. [30], GA has many successful applications in many fields.
The ability to optimize a problem makes them useful in fuzzy logic, neural networks, expert
systems, and problems that lack certainty. To solve a nontrivial problem using a GA, we
transform the problem into an appropriate form. At the start of the algorithm, chromosomes
are chosen randomly from the search space, representing the initial population’s potential
solutions. Each solution is evaluated in terms of its fitness function. Genetic operators are
also used to adjust the competition between the chromosomes. The operators are selection,
mutation, and crossover, which are applied one after the other and create a new generation
of the initial population. The quality of the new generation of chromosomes is expected
to be better than the previous. The process of using the new generation as the next initial
generation is repeated until a termination criterion is met. The last generation is the one
that indicates the final solution.

2.1.10. OWA Operators

The OWA operators were introduced by Yager [31] and compromise a parameterized
family of idempotent averaging aggregation functions. They fill the gap between the
operators min and max. An OWA operator of dimension n can be defined as a mapping:
F : [0, 1]n → [0.1] if there exists a weighting vector W = (w1, w2, . . . , wn) with ∑n

i=1 wi = 1
such that F(a1, a2, . . . , an) = ∑n

j=1 wjbj with bj the j-th largest of the ai. Out of the five new
images that we have created, we get a set of the same dimensions for all five fuzzy images
and apply the operators. Furthermore, we aggregate the values and do the same procedure
for every pixel of the images. In order to find the right weight operators that fulfill the
conditions, GA is being used. The result is a set of weight operators that are on ascent or
descent allocation, depending on a parameter named orness α [31–33].

2.1.11. OWA-GA

The aim of this algorithm is to find the weights that satisfy the conditions [31–33]:

conditions =


orness(w) = α = ∑n

i=1[(n−i)wi ]
n−1 , 0 ≤ α ≤ 1

∑i wi = 1

0 ≤ wi ≤ 1

(11)

To find the optimal weights “w” we have to maximize the following:

Maximize : Disp(w) = −∑ wiln(wi) (12)
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To do that we use GA and use as an objective function the Formula (12).

2.1.12. OWA-HK

Hong and Kim [34] presented a new analytical solution for determination of optimal
weights satisfying of (11) and (12), knowing that that they are not unstable when compared
with the OWA GA [34]. The function is:

f (x) = (n− 1)αxn+1 − [(n− 1)α + 1]xn + [n− (n− 1)α]x + 1− n + (n− 1)α (13)

The Equation (13) has exactly one real root xu over the interval
(

1, 1
n

)
.

The weights are found by:

wj =
xj

u

∑n
i=1 xi

u
(14)

where i and j takes values from 1 to the amount of weights that we want to extract.

2.2. Image Contrast Enhancement
2.2.1. Histogram Equalization

Histogram equalization is an effective contrast enhancement method for images. It
is a technique that increases the dynamic range of the histogram. The output of this
method contains pixels with an intensity that follows a uniform distribution. It utilizes the
cumulative distribution function (CDF) of the input so it can map the input intensity levels.
The method can be used on the whole image or just a region of interest. The intensities of a
histogram are redistributed, having lower peaks and a wider spread [35,36].

An input image has L numbers of discrete intensity levels. The probability distribution
function for the kth intensity level is:

p(k) =
n(k)(

∑L−1
k=0 n(k)

) =
n(k)

N
(15)

where k ∈ [0, L− 1], n(k) is the number of pixels having the kth intensity level, and N is
the total number of pixels of the image.

The CDF for the kth intensity level is:

c(k) =
k

∑
q=0

p(q) ∀k ∈ [0, L− 1] (16)

c(L− 1) is always a unity. The CDF value is used as a transformation function which
maps the input intensity level to new intensity level. The following T is a transformation
function which maps the input intensity level k into new output intensity level T(k):

T(k) = |(L− 1)× c(k)| (17)

where |x| is the nearest integer function value of x. The output image O(i, j) is a transformed
version of input I(i, j):

O(i, j) = T[I(i, j)] ∀(i, j) ∈ I (18)

Histogram equalization presents undesirable visual artifacts because of an excessive
brightness shift, because of enhancing noisy regions of the image, or because of saturating
intensities [35].

2.2.2. Structure of the Fuzzy Image Processing Algorithm

The general model of processing images with fuzzy sets can be depicted in Figure 1 [8]
(p. 53). The enhancement system is split into three phases: image fuzzification, image
defuzzification, and membership value modification. The image that we want to process
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gets into the system and gets fuzzified with a membership function. Furthermore, we use
specific methods to enhance the contrast of the image. These methods are functions that
modify the values of the image. Finally, the fuzzified image gets defuzzified and returns to
its original values.
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Figure 1. Fuzzy image enhancement system.

2.2.3. Advanced Fuzzy Sets for Image Enhancement
Linguistic Hedge XWW

LH-XWW has the parameters α, β, and γ that are not determined. For this reason,
GA was used in order to find the optimized values of α and β. The γ was found with the
technique trial and error. Changing the value of γ and observing the different images that
the algorithm would extract, we found that γ = 0.3 is a near optimum value. α and β were
found by using as objective functions the entropy and ambiguity of the image.

The objective functions of entropy:

H(X) =
1

M·N·ln2
·

M

∑
m=1

N

∑
n=1
−µmn·ln(µmn)− (1− µmn)·ln(1− µmn) (19)

and ambiguity:

γ(X) =
2

M·N ·
M

∑
m=1

N

∑
n=1

min(µmn, 1− µmn) (20)

where M and N are the dimensions of the image and µmn is the participation degree of the
pixel of the processed by the LH-XWW image [37–40].

Entropy and ambiguity were used as multiple objective functions for the GA, and the
algorithm tried to achieve a value of 0.4 for both of them, a value that was decided after
trying and observing the results.

Intuitionistic, Pythagorean, and Fermatean Fuzzy Image

IFS, PFS, and FFS have the same process structure, following the same path but chang-
ing the theory. To create an Intuitionistic fuzzy image (IFI) membership, non-membership,
and indeterminacy formulas have to be found [5,6,26]. For the beginning, the initial gray
scale image A, which has been through the lowpass filter, is fuzzified by the function (2).

Following this, the membership is found by the next formula:

µIFS
A (µA(i, j)) = 1− 1− µA(i, j)

1 +
(
eλ − 1

)
µA(i, j)

, λ > 0 (21)
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This model is implementing the fuzzy negation Ψ(x) = 1−x
1+(eλ−1)x

were λ > 0. The

non-membership is found by:

νIFS
A = Ψ

(
µIFS

A
)

νIFS
A
(
µIFS

A (i, j)
)
=

1−µIFS
A (i,j)

1+(eλ+1−1)µIFS
A (i,j)

, λ > 0
(22)

The indeterminacy is found by:

π IFS
A (µA(i, j)) = 1− µIFS

A

(
µA(i, j)− νIFS

A (µA(i, j) (23)

having the condition of 0 ≤ µIFS
A
(
µA(i, j) + νIFS

A (µA(i, j) ≤ 1 [41].
The parameter λ is not constant and connotes the trial of finding its optimal value.

Using the entropy as an objective function that we want to maximize or minimize, it
is possible to find the optimal value of λ so the enhancement can be maximized. The
Intuitionistic Fuzzy Entropy (IFE) is:

IFE =
W

∑
i=0

H

∑
j=0

π IFS
A (µA(i, j))·e[1−π IFS

A (µA(i,j)) ] (24)

In our case, maximizing the Equation (24) corresponds to the optimum λ value.

λopt = max(IFE) (25)

and finding the optimal λ value it can be used to Equation (21):

µIFS
A (µA(i, j)) = 1− 1− µA(i, j)

1 +
(

eλopt − 1
)

µA(i, j)
(26)

Equation (26) is the Intuitionistic Fuzzy Image that is going to be used for the enhance-
ment formula [5,26] (5, p. 75).

The steps to create the Pythagorean Fuzzy Image (PFI) are similar with the IFI. This is
because the PFI formula is created by a different degree of indeterminacy [42]. Therefore,
the membership for PFS is:

µPFS
A (µA(i, j)) = 1− 1− µA(i, j)

1 +
(
eλ − 1

)
µA(i, j)

, λ > 0 (27)

The non-membership is found by:

νPFS
A

(
µPFS

A (i, j)
)
=

1− µPFS
A (i, j)

1 +
(
eλ+1 − 1

)
µPFS

A (i, j)
, λ > 0 (28)

The indeterminacy is found by:

πPFS
A (µA(i, j)) =

√
1−

(
µPFS

A (µA(i, j))
)2 −

(
νPFS

A (µA(i, j))
)2 (29)

having the condition of 0 ≤
(
µPFS

A (µA(i, j))
)2

+
(
νPFS

A (µA(i, j))
)2 ≤ 1 [42] (p. 58).

The parameter λ is optimized using, as an objective function, the entropy of the
PFS. The formula for the entropy is recommended by De Luca and Termini and is one of
numerous entropies that they have tested. The Pythagorean Fuzzy Entropy (PFE) is:

PFE =
1

W·H
W

∑
i=0

H

∑
j=0

(πPFS
A (µA(i, j)))

2
+ 1− |(µPFS

A (µA(i, j)))
2
− (νPFS

A (µPFS
A (i, j)))

2
|

(πPFS
A (µA(i, j)))

2
+ 1 + |(µPFS

A (µA(i, j)))
2
− (νPFS

A (µPFS
A (i, j)))

2
|

(30)
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In our case, maximizing the Equation (30) corresponds to the optimum λ value.

λopt = max(PFE) (31)

and finding the optimal λ value it can be used to Equation (27):

µPFS
A (µA(i, j)) = 1− 1− µA(i, j)

1 +
(

eλopt − 1
)

µA(i, j)
(32)

Equation (32) is the Pythagorean Fuzzy Image that is going to be used for the enhance-
ment formula [26].

The Fermatean fuzzy image (FFI) has the same path as IFI and PFI [29]. The member-
ship is found by the next formula:

µFFS
A (µA(i, j)) = 1− 1− µA(i, j)

1 +
(
eλ − 1

)
µA(i, j)

, λ > 0 (33)

And the non-membership is found from:

νFFS
A (µFFS

A (i, j)) =
1− µFFS

A (i, j)
1 +

(
eλ+1 − 1

)
µFFS

A (i, j)
, λ > 0 (34)

The indeterminacy for the FFS is:

πFFS
A (µA(i, j)) = 3

√
1−

(
µFFS

A (µA(i, j))
)3 −

(
νFFS

A (µA(i, j))
)3 (35)

having the condition of 0 ≤
(
µFFS

A (µA(i, j))
)3

+
(
νFFS

A (µA(i, j))
)3 ≤ 1.

FFS also has the λ parameter, which is undetermined. Once again, GA is used so we
can find the optimal value for λ. According to He et al. [43] (p.10), the objective function
that the GA needs to solve is the Fermatean Fuzzy Entropy (FFE):

FFE = − 1
W·H ∑W

i=0 ∑H
j=0

[
µFFS

A (i,j)+1−νFFS
A (i,j)

2 log
(

µFFS
A (i,j)+1−νFFS

A (i,j)
2

)
+

νFFS
A (i,j)+1−µFFS

A (i,j)
2 log

(
νFFS

A (i,j)+1−µFFS
A (i,j)

2

)]
(36)

This time, to minimize the Equation (36) corresponds to the optimum λ value.

λopt = min(FFE) (37)

and finding the optimal λ value it can be used to Equation (33):

µFFS
A (µA(i, j)) = 1− 1− µA(i, j)

1 +
(

eλopt − 1
)

µA(i, j)
(38)

The last equation is the Fermatean Fuzzy Image that is going to be used as an enhance-
ment formula.

Enhancement

The next step, and the one that needs to be completed so we can create the enhanced
image, is the equation of enhancement [26]. The mathematical term for IFS is written as:

Aenh
(

µAFS
A (i, j)

)
=

{
2
[
µAFS

A (µA(i, j))
]2 i f 0 ≤ µAFS

A (µA(i, j)) ≤ 0.5

1− 2
[
1− µAFS

A (µA(i, j))
]2 i f 0.5 < µAFS

A (µA(i, j)) ≤ 1
(39)
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similarly for PFS:

Aenh
(

µPFS
A (i, j)

)
=

{
2
[
µPFS

A (µA(i, j))
]2 i f 0 ≤ µPFS

A (µA(i, j)) ≤ 0.5

1− 2
[
1− µPFS

A (µA(i, j))
]2 i f 0.5 < µPFS

A (µA(i, j)) ≤ 1
(40)

and FFS:

Aenh
(

µFFS
A (i, j)

)
=

{
2
[
µFFS

A (µA(i, j))
]2 i f 0 ≤ µFFS

A (µA(i, j)) ≤ 0.5

1− 2
[
1− µFFS

A (µA(i, j))
]2 i f 0.5 < µFFS

A (µA(i, j)) ≤ 1
(41)

2.2.4. OWA Aggregation for Image Fusion

Figure 2 shows graphically the proposed aggregation schema. Starting from the
original image, the first step is to build contrast enhancement images (LH-CON, LH-XWW,
IFS, PFS, and FFS). In the second step, we obtain a fused image with an aggregated value for
each pixel. Each new pixel (i, j) ≡ u is obtained by the OWA operator applied to five-pixel
values corresponds to pixel u of each enhancement image.
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Let U be the set of all pixels in the image A. For any pixel u in U the membership
function is µA(u). The enhancement images are called: ALH , AXWW , AIFS, APFS, AFFS and
the image fusion AIF. The multi-fuzzy membership function of the multi-fuzzy set AIF for
each pixel is defined as:

µAIF (u) =
(

µLH
AIF (u), µXWW

AIF (u), µIFS
AIF (u), µPFS

AIF (u), µFFS
AIF (u)

)
(42)

To obtain the value of µAIF (u) for each pixel we select OWA-GA and OWA-HK operators.

2.3. Performance Indicators

Enhancement performance was evaluated by estimating different indicators, including
RMSE, PSNR, SNR, entropy, ambiguity, AME, and AMEE.
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2.3.1. RMSE

Root Mean Square Error (RMSE) is an indicator that takes into account the original
image (in our paper, the median filtered image) and the processed image (the enhanced) [44].
It is the average squared error value between the images, and it compares the pixel values
that are at the same pixel position. The smallest the score, the better the quality of the
enhanced image. Mathematically RMSE:

RMSE =

√
1

MN ∑M−1
x=0 ∑N−1

y=0 (g′(x, y)− g(x, y))2 (43)

where g′ is the image after the enhancement, g the initial image, M number of rows of the
image, N number of columns if the image.

2.3.2. PSNR

Peak Signal to Noise Ratio (PSNR) is an indicator that calculates the ratio between the
maximum value that the image can take and the amount of noise that affects the image.
Usually, PSNR is expressed as a logarithmic function using the decibel scale [44,45]. The
higher the score, the better the quality of the enhanced image. Function of PSNR:

PSNR = 10log10
maxI

2

MSE
(44)

where maxI is the maximum value of the image.

2.3.3. SNR

The Signal-to-Noise Ratio (SNR) calculates an indicator that contains the initial (detain
filtered) and enhanced images. The higher the score, the better the quality of the enhanced
image [45]. Function of SNR:

SNR =
∑M−1

x=0 ∑N−1
y=0 f (x, y)2

∑M−1
x=0 ∑N−1

y=0 f
[

f (x, y)− f̂ (x, y)
]2 (45)

where f is the median filtered image and f̂ is the enhanced image.

2.3.4. Entropy

The entropy indicator measures the ambiguity of an image based on the Shannon
function [40]. The smallest the score, the better the enhancement performance. Function of
entropy:

Entropy =
1

MNln 2∑M
m=1 ∑N

n=1−µmn·ln (µmn)− (1− µmn)·ln(1− µmn)︸ ︷︷ ︸
Shannon function

(46)

where X is the image that we apply the function and µmn is the degree of participation of
the fuzzified image [37,39].

2.3.5. Ambiguity

Ambiguity determines the quality of the image. We apply the formula to the median-
filtered image and to the enhanced image at the point that they are fuzzified. The smallest
the score, the better the enhancement performance. Function of ambiguity:

γ(X) =
2

MN ∑M
m=1 ∑N

n=1 min(µmn, 1− µmn) (47)

where X is the image to which we apply the function and µmn is the degree of participation
of the fuzzified image [38,39].
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2.3.6. AME

Michelson’s law measure of enhancement (AME) divides an image into blocks with
size m× n and then calculates from the whole image the average values of the measured
results. The higher the score, the better the enhancement performance [7,46,47]. The
function for AME is:

AME = − 1
mn∑m

s=1 ∑n
t=1

[
20ln

(
Fmax − Fmin
Fmax + Fmin

)]
(48)

where m is the number of blocks that the lines are divided in, n is the number of blocks that
the columns are divided in, Fmax is the maximum value of the current block, and Fmin is the
minimum value of the current block.

2.3.7. AMEE

Michelson’s law measure of enhancement by entropy (AMEE) has the same proce-
dure as AME but a different function. The higher the score, the better the enhancement
performance [7,9,46–48]. Function of AMEE:

AMEE = − 1
mn∑m

s=1 ∑n
t=1

[
α

(
Fmax − Fmin
Fmax + Fmin

)α

ln
(

Fmax − Fmin
Fmax + Fmin

)]
(49)

where α is a constant that scales the indicator. At our paper α = 0.7.

2.3.8. Region Contrast

A performance measure for contrast based on the Laplacean operator in a region of an
image is the indicator region contrast. The higher the score, the better the enhancement
performance. This indicator is characterized by its superior robustness to noise [15]. Region
contrast is defined as follows:

Region contrast =
1
m∑

w
|c(i, j)|log(1 + |c(i, j)|) (50)

where c(i, j) is the local contrast at a pixel (i, j) of the region and is defined as:

c(i, j) = 4I(i, j)− [I(i− 1, j) + I(i, j− 1) + I(i + 1, j) + I(i, j + 1)] (51)

where I(i, j) is the intensity value of a pixel at the location (i, j), w is the region of the image
and m is the total number of pixels in the region.

2.3.9. Jaccard

Jaccard is a similarity index. The higher the score on this index, the better the enhance-
ment performance [49,50]. Jaccard index:

Jaccard =
∑M

i=1 ∑N
j=1

(
µi,j∩µ′ i,j

)
∑M

i=1 ∑N
j=1

(
µi,j∪µ′ i,j

)
or

Jaccard =
∑M

i=1 ∑N
j=1 min

(
µi,j ,µ′ i,j

)
∑M

i=1 ∑N
j=1 max

(
µi,j ,µ′ i,j

)
(52)

where M are the rows N the columns of the image, µi,j is the membership degree of the pixel
of the initial image, and µi,j is the membership degree of the pixel of the enhanced image.

2.4. Mammography Images (Data)

In this work, 97 direct digital mammograms of 65 benign and 32 malignant masses
were used for testing the proposed algorithm. Regions of Interest (ROIs) were extracted
from the full mammograms that encompassed the masses (with red circle at Figure 3) and
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local background, as visualized in Figure 3. Figure 4 shows a sample of ten masses that were
used, of which one is characterized as a round mass and two as spiculated masses. Mass
(d) is the round mass, and masses (h) and (j) are spiculated masses. All the other images
contain uncharacterized masses. The data base has spiculated, circumscribed, lobulated,
round masses, nodules, and densities.
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The anonymous digital dataset was provided by Dr. Maria Kallergi and the Smart
Hospital Research Laboratory of the Department of Biomedical Engineering of the Uni-
versity of West Attica. All cases are confirmed by biopsy or annual follow-up for at least
three years.
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3. Results

Breast masses frequently blend in with the surrounding normal parenchymal tissue,
making it difficult to distinguish and diagnose them. As will be shown below, the proposed
algorithm results in a significant improvement of the contrast, aiding in the identification
of the mass characteristics.

For comparison purposes, ROIs were first processed by a median filter, Figure 5b, and
then by a classical Histogram Equalization algorithm, Figure 5c. The results of this process
are shown in Figure 5.
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Figure 5. Initial image (a), Image with median lowpass filter (b) and Histogram Equalization
enhancement (c) having the histogram of the images (d–f) respectively.

Advanced enhancement was performed by first processing ROIs with the median filter,
then by the fuzzy function of Equation (2), and finally by the proposed enhancing, methods.

Using the linguistic hedges, we tried the Formulas (3)–(7), and we ended up using
the µCON(X)(u) with the exponent “2” which is the function (3), because the higher values
of the pixels that a breast tissue has were enhanced, leaving the background darker. The
initial and processed images can be seen in Figure 6c.

The next technique used the linguistic hedge CON as its pre-function. Linguistic
hedger Xie Wang Wu created an enhanced image where very bright pixels are made white
while the rest are spread throughout the entire histogram range. The results can be seen
in Figure 6g and the histogram of the image (j). The pixels that were made whiter were
adjusted by the parameter “γ” of the function (8).

The next three techniques were based on similar functions that differed slightly accord-
ing to their theories. IFS, PFS, and FFS were found with the help of GA, trying to maximize
or minimize the formulas of the entropies (24), (30), and (36). Figure 6h,i,m, respectively,
show the new images.

The final two enhanced images were created with the help of OWA operators. They
used all five previous enhanced images as inputs and created a new one using weights
on the inputs. Each pixel of the new one was created from the weighted pixels of the
inputs. The difference between OWA GA and OWA HK is the procedure for finding the
“w” weights. OWA GA used GA to maximize function (12), and OWA HK used a proposed
formula from Hong and Kim (13) and found the weight with (14). The new images are
Figure 6n,o respectively.

The methods were tested on the ninety-seven ROIs. The results are presented in
Figures 7 and 8 for a sample of ten ROIs. Figure 7 presents the masses with Histogram
Equalization, and Figure 8 presents the rest of the methods. Some of the ROIs have a
mass that is easily distinguished, and others blend with the background and cannot be
detected. Each enhancement method gives a different perspective on the mass that may
suit different applications.
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The enhancement results were evaluated by calculating the RMSE, PSNR, SNR, en-
tropy, ambiguity, AME, AMEE, Region contrast, and Jaccard indicator. For entropy, ambi-
guity, AME, and AMEE, the indicators are for the median filtered and for the enhanced
image. To comprehend the results, the average values for all ninety-seven images for each
indicator are presented in Table 1.

Based on Table 1 and focusing on all the methods, the IFS technique was the best at
the average scores of RMSE, PSNR, SNR, and AME, with average values 1126, 11.31, 5,
and 45.68, respectively. LH-XWW technique was the best at the average scores of entropy,
ambiguity, and region contrast, with average scores of 0.417, 0.234, and 418.51, respectively.
LH-CON was the best for the average score of AMEE with an average value of 0.353, and
PFS was for Jaccard with an average score of 0.839. At all the other indicators, Histogram
Equalization was competitive but was not able to get the best score.
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Table 1. Average values of 9 indicators for the various enhancement techniques.

Indicators Median Hist-Eq LH-CON LH-XWW IFS PFS FFS OWA-GA OWA-HK

RMSE - 1176 1411 1640 1126 1184 1260 1146 1142
PSNR (db) - 10.89 9.5 8 11.31 10.86 10.43 11.16 11.19

SNR - 4.16 3.14 2.15 5 4.29 4.43 4.81 4.82
Entropy 0.849 0.721 0.692 0.417 0.654 0.695 0.615 0.683 0.686

Ambiguity 0.632 0.5 0.468 0.234 0.432 0.467 0.398 0.465 0.467
AME 91.56 32.14 28.25 29.79 45.68 36.47 44.97 42.2 42.15

AMEE 0.149 0.332 0.353 0.261 0.31 0.33 0.303 0.32 0.321
Region contrast 8.54 287.51 164.59 418.51 232.15 238.38 213.02 239.73 238.85

Jaccard - 0.802 0.586 0.628 0.75 0.839 0.77 0.814 0.816

4. Discussion

All presented techniques may be used to improve the contrast enhancement of an
image. Based on the RMSE, PSNR, SNR, and AME, the best technique overall is the IFS, but
each method may be used for different problems depending on the task at hand. The OWA
techniques could provide good image fusion for threshold methods and feature extraction.
LH-XWW is able to extract an image that can help in the identification of masses that do not
have dense background tissue. The conventional histogram equalization method has been
suggested as a simple technique for enhancing the contrast of digital images. Although
the histogram equalization method yields interesting results, some of the proposed fuzzy
techniques surpass the conventional methods. Using the RMSE indicator as a measure of
comparison, histogram equalization extracts decent results. IFS, OWA-HK, and OWA-GA
surpass the histogram equalization. In addition, based on the PSNR indicator, once again,
IFS, OWA-HK, and OWA-GA do a better job at increasing the signal or reducing the noise of
the image when compared with the histogram equalization technique. Advanced fuzzy sets
create an image more suitable for visual assessment or computer processing, improve mass
outline, and avoid noise amplification because of the membership, non-membership, and
hesitation degrees. Moreover, a new challenge arises when different aggregation functions
can be combined on a multifuzzy set. The chosen best aggregation function for each pixel
presents a new tool for handling uncertainty. Different kinds of enhancement techniques
may be used in order to create a DSS. Combining them with threshold and classification
methods could provide a more accurate decision-making system for real-life data.

5. Conclusions

Most medical imaging systems, including mammography systems, require contrast
enhancement for improved detection and diagnosis. A visually optimal image could assist
physicians in the classification of mammographic findings and in decision-making. In this
research, several contrast enhancement techniques were evaluated for the enhancement
of mammographic masses with different lesion-to-background contrasts. We proposed
advanced fuzzy sets as a way of enhancing the contrast of an image and used the OWA
operators to create images that fused all the fuzzy enhancement methods. In addition,
images were enhanced with Hist-Eq and two different linguistic hedges (CON and XWW).
The comparison of the results showed that IFS surpasses the other methods in almost all
metrics. FFS had similar results with IFS. In general, fuzzy image processing performed
better than standard histogram equalization.

Future work mainly consists of three parts. First, we plan on using the IFS method on
well-known databases so the results can be compared with other studies. Following this,
we aim to use the enhancement methods as part of decision-making systems in order to
classify images. Finally, we intend on thoroughly studyingimage fusion with multi-fuzzy
sets so we can create new methods for medical image processing.
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